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Abstract

In this work, we consider a two-dimensional problem of an infinitely long solid cylinder consisting of two
different homogeneous and isotropic thermoelastic materials within the context of the fractional order theory
of thermoelasticity. The lateral surface of the cylinder is taken to be traction free and is subjected to a known
temperature distribution which is a_ function of time t and z. There are no body forces or heat sources affecting
the medium. Laplace and exponential Fourier transform techniques are used to solving the problem. The
inverse Laplace and exponential Fourier transforms are obtained using a numerical technique.
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The predictions of the fractional order theory are discussed and compared with those for the generalized
theory of thermoelasticity. We also study the effect of the fractional derivative parameters of the two media
on the behavior of the solution. Numerical results are computed and represented graphically for the
temperature, displacement and stress distributions.
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1. INTRODUCTION

Lord and Shulman [1] introduced the theory of generalized thermoelasticity with one relaxation time by
using the Maxwell-Cattaneo law of heat conduction instead of the conventional Fourier’s law. The heat equation
associated with this theory is hyperbolic and hence eliminates the paradox of infinite speeds of propagation
inherent in both the uncoupled and the coupled theories of thermoelasticity. The uniqueness of solution for this
theory was proved under different conditions by Ignaczak [2], Sherief and Dhaliwal [3] and by Sherief [4]. Exact
solution for a problem of a spherical cavity was obtained by Sherief and Saleh [5]. Some problems for a penny-
shaped crack and a mode I crack were solved by Sherief and El-Maghraby [6-7]. This theory was extended by
Sherief et al. [8] to micropolar media. Anwar and Sherief [9] studied A Problem in Generalized Thermoelasticity
for an Infinitely Long Annular Cylinder Composed of Two Different Materials.

Fractional calculus has been used successfully to modify many existing models of physical processes.
Caputo and Mainardi [10-11] and Caputo [12] found good agreement with experimental results when using
fractional derivatives for a description of viscoelastic materials and established the connection between
fractional derivatives and the theory of linear viscoelasticity.

The solution obtained by using ordinary derivatives predicts an instantaneous response while that obtained
by using fractional derivatives predicts a retarded response that depends on the history of the applied causes.
This is more in accord with physical observations [13].

The general space-time-fractional heat conduction equation in the one-dimensional case has been
formulated by Gorenflo et al [14]. Povstenko [15] made a review of thermoelasticity that uses fractional heat
conduction equation. The theory of thermal stresses based on the heat conduction equation with the Caputo
time-fractional derivative is used by Povstenko [16] to investigate thermal stresses in an infinite body with a
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circular cylindrical hole. Povstenko proposed and investigated new models that use fractional derivative in [17-
18].

The fractional order theory of thermoelasticity was derived by Sherief et al. [19]. It is a generalization of
both the coupled and the generalized theories of thermoelasticity. Sherief and Abd El Latief [20, 21] have solved
a 1D problems

589

for a half space and for spherical cavity in this theory, solved a 2D problem of half- space [22], studied the
effect of the fractional derivative parameter on fractional thermoelastic material with variable thermal
conductivity [23] and applied this theory to a 1D problem for a half-space overlaid by a thick layer of a different
materials [24].

Recently, Hamza et al. [25] derive a new theory of thermoelasticity associated with two relaxation times
using the methodology of fractional calculus, Hamza et al. [26] have solved 1D problems in the context of this
theory, derive a new mathematical model of Maxwell's equations in an electromagnetic field using the physical
principles of fractional calculus[27]. Some contribution works that use fractional calculus can be found in [28-
30].

In this work, we solve a 2D problem of an infinitely long solid cylinder consisting of two different
homogeneous and isotropic thermo elastic materials within the context of the fractional order theory of
thermoelasticity [19]. The lateral surface of the cylinder is taken to be traction free and is subjected to a known
temperature distribution. The solution is obtained for different values of the fraction parameters of the two
media. The fractional parameters effects on the media in radial and axial directions are discussed.

2. FORMULATION OF THE PROBLEM
We consider a two—dimensional problem of an infinitely long solid cylinder
consisting of two different homogeneous and isotropic thermo elastic materials. The
inner layer occupies the region 0 £ r £ aq, — © < z < © and the outer layer occupies the
region a £ r £ b, — @ < z < o, where (r, ¢, z) are cylindrical polar coordinates with unit vectors e;, es
and e,. The lateral surface of the cylinder is taken to be traction free and is subjected to a known temperature

distribution which is a function of time t and z. There are no body forces or heat sources affecting the medium.
Due to the physical of the problem, all considered quantities will depend on r, z and t only. The displacement

vector % takes the form

U OY% (r,z,00% O Wi(r,z,0)€; , i = 1, 2. (1) where the suffix 1 refers to the inner medium

and the suffix 2 refers to the outer medium. The cubical dilatation e; in medium i is thus given by

ei 00w El uirtl Gwih 8 Urui2O Owi.2) QrrQzrOr Oz

The equation of motion in vector form can be written as

[0, Oew; (0 O, 0 )graddive; 00, grad T, 00, Hews. (3)
t.
0

where [1;, [Ji are Lamé’s constants, []i is the density, T; is the absolute temperature and [ i is a material

constant given by (301i [0 2[i )[4 where a is the coefficient of linear thermal expansion. []2 is Laplace's

operator in cylindrical
polar coordinates, given by

000 O

2

eoU.Ororog ..
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ar OO0z
Applying the divergence operator to both sides of equation (3), we obtain

—¢, 4)

(00 20002¢0 002l o0 H 6
0

The time fraction heat conduction equations [19] for both media are given by

kLOTi O0Oice: OOOETEH OOtoOr OE0O0O0071t OOroO0OOO100i
OO0tO0: 0O000Oeti, i =1, 2. (5)

where k; is the thermal conductivity, ¢ is the specific heat at constant strain, T is a reference temperature

assumed to be such that 0 T;-T, O<<1, |:li is the relaxation time and [; is the fraction order

parameters for the two media, satisfy 0 < J; £ 1 in the
Caputo sense.
The constitutive relations have the form:

Drri[l2|:|iﬁ_DuriD|:|ieD Di(Ti DTo), (62)
ui B0 eO0i(Ti OTo) , (6b)

LUoo:O2z0ir
i OOwz eODi(L;Oly), (6¢)

Ozz O20; OO

U oY 0oooowr oootz oo, 6)

DrDiDDDziDO. (6e)

We also have the modified Fourier’s law of heat conduction [19], namely

q Ooigrik OTi, za)«O0; o00;
LIt Or

gz —— — Hoqo=- 00k : 0T, (7b)
Lt Uz

where g, and g,; are the heat flux components in the radial and z-direction
respectively. Let us introduce the following non-dimensional variables:
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5 1, i) , t-Oei0t , i deeooliit:

o0 o5 0,,0 — yUTnOTETtgr ) OO: (gri,g2)
I:I)\1|:|2‘LI1D D)\l DZ‘UlD k0O I:l( Cl2 1)

where c1 D\@,m [ picE1. p1
k

1

Using the above non-dimensional variables, (dropping the asterisks for convenience), The governing
equations (3)-(7a) in non-dimensional form become

- wi -(+i2-1)gradei -+i2-igrad-i -+i2Vi 2i , 2

- (8)
-t
2
2 2 -e
ceiie i Vi 12i ©)
q 6]ri"i ﬂii
. (10a)
g {zicci _
(10b)
ou
]
O
Ot Oz
o O 0000w &a0: 000868100010  OOt0O 0
OOO0O0Oeti, (11)
o U
Ot O L]
. e .. (12a)
*rriccl AR B A AN
u
RS SR Nz R 1Y (12b)
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o7z eef i qeeivd, (12¢)

L oo, T (12d)

. . 12¢
i .zl .O’ where «i i, i i+, Vll(l 21))11(121)’ (12¢)

.1 . .1(.1'. 2'i) .1(.1'. 'i)
e i-170 BT RRY RTTTRO N RYTRRY BT e o ki
ki'l('1-2'1) B 1271 1271
The boundary conditions of the problem are assumed to be as follows:
rre 0,20, f(t,z) ,atr=b whereb is the radius (13)

of the lateral cylinder.

The continuity conditions of the problem are given by

.« . u u w. w . . . .
-2, 1.2, 1 2,rrl- 12, rz1- 122, 411 +q2, at r = a. where a is the radius of the

(14)

inner cylinder.

3. SOLUTION IN THE TRANSFORMED DOMAIN
Applying the Laplace transform with parameter s defined by the relation

f(r, z8)LLf(r, z,0)-€™ f (7, z,8)dt .
0
to both sides of equations (8-11), we obtain _
2u;(+2+1) grade; -+ - 2 grad ;- 2V 52w, (15)

O0w OulO
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0:020: 002052 Yei, (16)
q-(0O00iso) OO OL,, (17)
Ur
. ce y (18)
ois deejsiooLcieeis®1eis™ ®ei . o
Eliminating ei between equations (16) and (18), we get
e 521 02 1 S3ey i (19)
O O(seieieis) Levis™ TV O Vi 0 Leeis 0 %4040, 4
The above equation can be factorized as
(20)
‘.2 ‘ki21 4 ‘.2 °ki22.'i 0
where ij, i=1, 2,j= 1,2, are the roots of the characteristic equation,
4 ' 2 2 3 ‘ @D
Ok (s eeivis)® 1evis™ 0 STV kT VicisT ® 1eis™ *®+i -0
The solution of equation (20) can be written in the form
*i +i1++i2 where - ;; is the solution of the equation.
(22)
.2 -kijz'-ij-o, i,j1.2,
Similarly eliminating - between equations (16) and (18), we get
i o 52 2 S3 i @3)
®e O(seieieis) Levis™ 0TV 0 Vi T s %ei -0 . 4
Applying Fourier transform with parameter p defined by the relation,
O
* [ eivs -
f (r, p,)TF[ f (r,z,t) ] eP? f (r,z,t)dz ,where 1] [11.
aod
to both sides of equation (22), we obtain
O8Ok 00r- 00 O.00000. (24)
[
Where, [ [ p2 Ok
Equation (24) is the modified Bessel differential equations whose solution is
0.0l 2 Aij (k 52OV si2)]o (L r)OBii (k 2OV si2)Ko (Li7) . (25)

jOu
where I, and K, are the modified Bessel functions of the first and second kinds ,respectively of order zero
and A; , Bjare
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parameters depending on s and p.
The function Ky (g;; ) is not bounded at the inner region. The solution is given by

2 A1 (k2 s2)lo(-17) , 1+ (27)
J-l
(28)

222V 522)A2j D0 (-2j7)-B2j Ko (-2jr) . + " (ko
jil
In a similar manner, we obtain
=2
er-*Avkij2lo(-r), (29)
J-1

_x 2022 koj-A2jlo(-2j7r)-B2j Ko (-2;7)- .
(30)
jO

Substituting from equations (27-28) into equation (17), we get the heat flux components in the form

qnr 1 1o Dzl:l 2 SQ)I1(D1jT') (31)
Ay Oy (ky O
DDlsjl

qsr- Dll:‘[] DQQ O |:|2EI Dzj(kzzj DVSQQ)D DAQjIl(E|2jr)|:|szK1(l:|2jT')|:|I:‘ (32)

S Jj1

Using the vector identity, curlcurl(w) Jgrad div(u) ] [J2(u)then equation (8) takes the form

—u

=t (33)

U2 grade; Ocurlcurai OO0 20igradUi OO0 2Vi U to
L]

The second term of the above equation upon equation (1) has the form
OOow 2
curlcurlui OBTtIr8z U0Gzme: BElUEer BGEUO0Or OOr OO0O0Or OOuzi
Oodt - Odr- OOdr O0wr OO0 OO0OOez. (34)
L]

Substituting from equation (34) into equation (33) and equating components of e, and e, on both sides, we
obtain

e rezie 220 wei i o¥i i Vit2i, (35)

r
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2-e
i ——  — e | et e e g e oo 222} 2W2i (36)

Z ) Y AR A A -z ot

o[de [Oow Oou 200 2 Ou

Differentiating equation (2) with respect to r, we obtain

I I - .r7.ﬁli-.. L Zr (37)
-]/' -]/' .

Substituting from equation (37) into equation (35), we get

- —rrr (38)

....... 1 ee proeeeeaszdD D Vi eef2D ceeelfi o o1 '(1--1'2)61' eejDeiof®.

S
Assuming that ui A e@tion (38) reduces to -7
— — — 39)
..... 22Vi122 ﬁ 2 '(1--i2)ei eej2eiei®.
r

The above equation is obtained by using the relation

-2 1f  _-(-2f) (40)

« Jee o o o1

Integrating both sides of equation (39) with respect to r, we get

- (41)

w2 Vi 122 wee fi-*(1:+i2)ei

2+
Applying Laplace and Fourier transforms to both sides of equation (41), we obtain

et 2 f *j coee(1e02) @¥i wei2ei¥i oe, (42)
-}/‘ -}" . -}" .
where mz--izVi s2-p2 i
Substituting from equations (27-30) into the right-hand side of equation (42), we obtain

ey 1. mizesf 1+ 21 Ay (kij2 <1228 Yo (-1 7) (43)

2-}"-}"-
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. (44)

o2 1. mazf x2+2%p1% A2jlo(+2;7)(kazj++22V 522)
r-r r
B2 Ko (+2j7)(kazj =22V 522) *
The solutions of equations (43) and (44) take the form
_ (45)
f1:CLo(m ri)-A Lo(-1ir)-A Lizo(-12r)
. 2 (46)
f2:CLo(mr)D Kxo(mr2)-* 2(A Ljo(-2;7) -B K2 o(+2,7))
J-l
Thus the solution of equation (38) takes the form
_* 2
ur-Cmlmrivi(i)Aqghy i () (47)
Llow e OO 0O
O]
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jO1

* 2

u-OCmIm T’221( 2)|:|D mKm T'221( z)D D |:|2(A q I2j2y (Dzjr) B q Ksjoj 1(|:|2jr)) (48)
jOu

In order to find the displacement components w; applying Laplace and Fourier transforms to both sides of

equation

(2
T 20«1 38000 T001 @owid OeilrOrOO
]
IpU
Using the equations (29- 30) and (47-48), we obtain
so— 1
wi—Cmbhio (mmnr) p224 Lo ( )|:| .
(yr)-P - i [
1 (51)
W ,e 'nTCIm 7'22' 20(2)-DKm 7'20(2) *p
2
cap2eeAd bjo(2;r)B Kz 0o(+2/ 1)+
J-1 .
Applying Laplace Eu;d Fourier transforms into the equations (12), we obtain
_® LT e_* ‘_
DrriDDi . r IR i,
(52a) —=
i i i
% r
Oooi | v_vj — — O 0Oi(52b)
N ei T O ,
z
_* * s
O zi - Wi L] p;j , O 1
(52¢) T
_* ] O
O-00: 80 s (52d)
] O

Substituting from equations (27-30), (47-48) and (50-51) into equations (52), we get

(e OC me, O0m I m rOO0_ I m ()00
DD 110 1 r D
(53)
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0.4 0 0Og. Ok (0.0 O1) s. L 1o(0ym O
qullel(DUr)DDle 1jl:|l:| 1y r Ol

O OOC m2- DDDDzzomImr(z)DD_erm T'1( 2)DDDDD me. O0000:z20m km r(z
at_rkmmr(.)O00

] —
DD2D DDDA2]DD DDzzzqsz(DD DzzD 2)k22jDDszSzDIo(D2jr)DD Dzz(]?'jzh([]zj

rO0Q (54)
OO0 O

ad . (DD O. . O 2)k22j O0d. .V SzDKo(Dzj
r)|:||:| D22qrj2Kl(D2jr)DDDDDDDD DBQ}DDDDZQZqJD

Cera DpJDDDCmmu(quImrz)(u ) 2[] pszz[lA q Ilj y 1(|:|1j T')DDD s
(55)

[ EEDIIM O00m (m22 O pz)DCIm(m T'2) O DKzl(m T'Q)DD 2D2p2Dj2|:]1q2jI:‘DAQIjI(Der) O sz
K(O.;r)00000 (56)

e CmiImr

*221 11102 1) A« s1okiize 22 1k 2-knzes2--lo(-1ir) (57)

04000 O Dle122D 122 D O 12k = Dk122 DSzD DDIO(DlzT')

Loz O 2 (m r2)|:|D222|:|m K-
o(m T'2)C2220|:|mI
(58)
e *Azjeer 2% 22k 2 Roje o220 122k 2502 ki oV s22% Io(+257) .

J-l

Bajeee 2 20k 2j-Raje w225 % 122k 22 *hkozj V 52204 Ko(+2,7)°

Applying Laplace and Fourier transforms into the boundary conditions of the problem, we obtain

_* _* Tox o T (59)
20,920, 2f(sp, ),atr=b.

Applying Laplace and Fourier transforms into the continuity conditions of the problem, we obtain

—% —x —%  —% —%  —%  —% —x% — % — % — —x

(60)
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L2, UL U2, WL W2, srrl =2, ozl =122, (- ,atr=a

1 2

Applying the boundary and continuity conditions (60) and (61), we arrive at a linear system of nine
equations which contain nine parameters A, Asz, A2, A2z, Bz, B2o, C, C2 and D: as following

C.-O000.20m Iz(m bz)':‘ nglm b1(2)DDDD2DDD220m ko (m bz)D ng km b1(2)|:”:|
O b o O b O

2 DDADDDDDD I:lRQ O k 2f O . Dkazj av s

O 0050 R gureD-L(0-5)00  (612)
DDDD 2j|:| 22j2j222b DleD D

Cajeee e 20202220 2% 2502 o0 - b 1epjeeeen
? (61b)
ma222V' s CIm b2e 21(2)-D Km ba1(2)*-* 2k * 2+-R2j*-A L 1j (+2;b)-B Kz 1(-2;0)++-0
J-l
2
: : , 4 , (61c)
* (k2j-V s22)-2A2j 10 (+2;D)-B2j Ko (+2;b)-++ 0
J-1
2
(61d)

* Ay (ki s2)lo (ya)-(k2j-V 522)A2 10 (-2 a)-B2; Ko (+2ja)-+*+ 0
J-1

CmImai(1)Annie I (na)ydiii I (12a)CmlIma2i(2)
2

G
-DmKmax21(2)* R2j(A2jr 211 (2ja) B2j+ -2, Ki( 2;a)) - 0
jl
(61f)
CmlImaiio()-Auskinz- a2 lo( na)-Aiz k- <122 *lo( 12a)
~Cmlma
c2202(2)DmKmaxno(2)2--A2j*22k 2+Raje -2 *lo( 2ja)

Jj-1

« Baj*e22k 5 -Rajmj < Ko(-2ja))-+* -0
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Cietiom Imax(1)niam I m ai(1)-==A1 -2+ 112+ 11k 2-kizes2*lo(-na)-+-1a  Lh(-na)-

Azt e 112k 2k es20lo(c12a)-121a Li(c12a)--- - (61g)
O Rq
B R 2 k- k: Vs K( b) zjsz:‘zK( b)DDD (0}

DCQDDDonmIm az(z)DDQamlm al(z)DDDDDZDDDDQ
2omkma: (z)DDQamkml( 2a)|:||:||:| O

00 2 ijD QkQQjDVSZZIO(DZja)D _— R-
00..1¢  oo0eooosa,oodooooo. O

DD a 1|:|2ja)|:||:| Rjsz 222

ol k0. Okewovs..d k. @) R0 0.2 K(Oei)O0 000000

DB2jD O 00O DzzR(isz 222 a OoOon

(]
DDCmulDzzsIm al( 1) 20 Au i Dklz( 11a) 20 Aiz1212:] kIg(Dma)DD
(61h)

DDDTTI222D2VSCITT[(12D 21(2)DDKTTI(121(2)DDD2D DzjkzajD 2|:|szDDDAIzU(Dzja)DBsz 1(‘]2

;a)dO0000o
O jOu |

Aunul] (kuz ] Sz) (I1 |:|11a) A2 =[] (k122 ] 82) (Il D12(1)

ooo O, L=, . V 522)00A Ljy(0sja) OB K(O=ja) OO Do

(611)
(kzj D

jO

where L1111 11504
1 D2SDz

thus, the solution to the problem in the transformed domain is obtained by solving the above system.

4. NUMERICAL RESULTS

The Double inverse of Laplace Fourier transforms was obtained by using the inversion formula of the
transforms and Romberg numerical integration technique. FORTRAN programming language was used on a
personal computer. The accuracy maintained was 5 significant digits for both the numerical integration and the
inversion of the Laplace

transform. The numerical method outlined in [31] was used to obtain the inverse Laplace transforms for
the temperature, displacement and stress distributions.

During numerical computations, the inner material was taken to be made of pure aluminium material and
the outer material was taken to be made of pure zinc material. The constants of the problem were taken as shown
in table1. Table -1 The Material constants
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a=1 W =3.86x1010 To = 293 p1 =2707
b=2 1 = 3.88x 1010 11-0.02 p= 7144
¢1=896 ki =204 1-0.005 h=0.2
c2-3843 ke-112.2 Ai=4.7x1010 da=9.07x101°
01=8.418d-5 a0=4.106d-5

The computations were carried out for the function

L1 ,if0Oh0Oz0O A QOo ,otherwise
O f(r,zt) OO ,atr=Db.

where h is a width of temperature distribution, applying Laplace and Fourier
transforms, we obtain

_* 2sin ph
Uo,ps)y .
ps
The investigation of the effect of the outer cylinder whose fractional derivative parameter [, at z = 0 in the
radial direction has been carried out in the preceding discussions.

The computations were performed for a wide range of ( OL1 [lr 2), different values of[1.

] I:I 0.5,0.999,1 D, one value of time, namelyt [] 0.13 and[], []1. This enables us to represent the
typical numerical results in Figures (1) - (3), for the temperature[], displacement u and the thermal
stresses[],.., respectively. These figures show that for [, (] 0.999,1 the waves not pass to the inner media
and it will vanish in the outer media whose fractional parameter a; = 1. This result is in agreement with the
generalized theory of thermoelasticity that the waves have finite speed. While [, (1 0. 5 the waves will pass
to the inner media since it has infinite speed. This result is consistent with [24].

The investigation of the effect of the outer cylinder whose fractional derivative parameter [1, inside the

outer cylinder
r = 1.5 in the direction parallel to the axis of the cylinders has been carried out in the preceding discussions.
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Fig. 1 a, radial effect on the temperature distribution for a,=1 and t = 0.13
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Fig. 3 a. radial effect on the stresses distribution for a;=1 and t = 0.13
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Fig. 6 a. axial effect on the stresses distribution for a;=1 and t = 0.1
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Fig. 14 Displacement Distribution for a,=1 and a,=1
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Fig. 15 Stresses Distribution for a,=1 and a,=1
Figures (4), (5) and (6), respectively, exhibit the temperature, displacement and stress distributions for a
wide range of (

L] O 01z 1), 0. = {0, 0.999, 1} when t = 0.1, [1, = 1 at r=1.8 parallel to z-axis. Obviously, the effects of the
fractional parameter [, on the field profiles in the axis direction are noticeable than the radial direction. Also
for a, =0.999, 1 the waves vanish rapidly than when a, = 0.5. Thus the wave has the finite speed for a, =0.999,
1 while for a, = 0.5 it has infinite.

The investigation of the effect of the inner cylinder whose fractional derivative parameter L1, at z = 0 in the
radial direction has been carried out as follow.

Figures (7), (8) and (9), respectively, depict the temperature, displacement and stress distributions for [,
={0,0.999, 1},

(1, = 1 when the time is large enough to penetrate to the inside media, namely, t = 0.2. These figures show
the effects of the inner media fractional parameter [1,. We notice that for a, = 0.999, 1 the waves have finite
speed while for [, = 0.5 the wave has infinite speed.

Finally, the computation was carried out for different values of time, namely, t={0.1, 0.2, 0.4}. The
temperature, displacement and stress profiles are shown at z = 0 and r =1.5 in figures (10-12) and (13-15), on
respectively. These figures show that as the time increase as the waves penetrates the media to a larger distance.

5. CONCLUSION

When the fractional time parameter is close to one, then the solution seems to behave like the generalized
theory of thermoelasticity. This result indicates that the fractional model of thermoelasticity may preserve the
advantage of the generalized theory of thermoelasticity that the velocity of waves is finite.

The fractional parameters have a noticeable effect in the axial direction of the cylinders more than the radial
direction.
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