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Abstract—Understanding the statistics of non-isotropic 

scattering multipath channels that fade randomly with respect 

to time, frequency, and space in a mobile environment is very 

crucial for the accurate detection of received signals in wireless 

and cellular communication systems. In this paper, we derive 

stochastic models for the probability density function (PDF) of 

the shift in the carrier frequency caused by the Doppler Effect 

on the received illuminating signal in the presence of a 

dominant line of sight. Our derivation is based on a generalized 

Clarke’s and two-wave partially developed scattering models, 

where the statistical distribution of the frequency shift is 

shown to be consistent with the power spectral density of the 

Doppler shifted signal.  

  

I. INTRODUCTION  pulse-echo 

delay-Doppler measurement system such as an 

active sonar or radar measures an environment of 

interest by illuminating it with electromagnetic or acoustic 

radiation. The illumination field scattered by objects is 

collected by a receiver, which processes the scattered signal 

to determine the presence and characteristics of the 

mapped objects. As a result of radial target motion toward 

or away from the pulse-echo sensor, the Doppler Effect 

induces a shift in the scattered waveform’s carrier 

frequency [1]-[3].   

In this work, we derive stochastic models for the Doppler 

frequency shift in non-isotropic scattering channels for 

mobile fading environments.  

II. STOCHASTIC MODELING OF 

SCATTERING CHANNELS IN THE  

PRESENCE OF A LINE-OF-SIGHT  

We study propagation problems encountered in the use 

of EM or acoustic transmission taking place mainly by way 

of scattering from the surfaces of the surrounding objects 

and by diffraction over and/or around them. The 

transmitted signal at a carrier frequency fc reaches the 

pulse-echo system via a number of paths in addition to a 

dominant direct line-of-sight (LOS).   

Each line path (or k-th scatterer) can be treated as a 

random phasor ak e j k , where the amplitude ak 

contributes to the  

  

attenuation or energy absorption and the phase 


k 

depends on the varying path lengths, changing between 0 

and 2 , with the latter occurring when the path length 

changes by a full wavelength. The LOS component has 

amplitude strength V0, which itself could be random. 

Hence, we can reasonably assume that the phases are 

uniformly distributed over [0, 2 ] and statistically 

independent of the amplitudes ak and V0. The N 

total backscattered received complex signal is    a ek

 
j k  

k 1 

and is driven by an underlying triply stochastic filtered 

marked Poisson point process [4]-[7]. In the case of 

fullydeveloped scattering noise, a large number of 

scatterers is present in the channel, and the central limit 

theorem (CLT) implies that ρ is asymptotically circularly 

Gaussian. Even for statistically dependent scatterers, ρ 

would still be asymptotically Gaussian hinging on the fact 

that the sequence of scattering random variables satisfies 

the  -mixing property or the conditions of the Lindeberg-

Feller CLT. In this case, the delay-spread function is 

modeled as a zero-mean complex  

Gaussian process. The envelope   = | +V0| and power 

 2 obey Rician & modified Rician (2 freedom-degrees) 

laws, respectively [8]-[11]. Figs. 1 and 2 illustrate the 

geometry of the scattering model as a random walk in the 

complex plane.  

 

 

  

  

 A 
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Fig. 1 The scattering model as a random walk in the complex 

plane Fig. 2 Geometry of the scattering model  

III. STATISTICS OF THE DOPPLER FREQUENCY BASED ON A 

GENERALIZED CLARK’S MODEL  

In the classical Clarke’s channel model [12], isotropic 

scattering is the main assumption, leading to a uniform 

distribution for the angle of arrival (AOA) of the multipath 

components at the mobile station. However, non-isotropic 

scattering are encountered in many mobile radio channels. 

Such generalized scattering characteristics strongly affect 

and alter the correlation function and power spectrum of 

the complex envelope at the mobile receiver [13]. In this 

section, we devise in a new model that captures more 

general scattering characteristics and generalizes the 

Clarke’s model.  

The expression of the received signal must also include 

the effects of motion induced frequency. Different arrival 

angles  k from each k-th scattered wave will cause the 

transmitted signal to be received at different frequencies. 

The Doppler shift of each wave component 


Dk   f
D 

cos( k) , where fD   (v/c) fc is the maximum Doppler 

shift in frequency, v being the relative velocity between 

target and sensor. The arrival angles are i.i.d, and obey the 

distribution:  

  

PT 

  p ( )     1  2      K (   0)  ,    (1)  

2 (  K  1) 

  

 Specular power V0
2 

where the Rician K-factor =    , PT is the  

 Diffuse power Pdif 

total incoming power and  0 is an arbitary offset angle. 

The induced Doppler effect causes a random frequency 

shift  c   fc   D due to the random spatial distribution 

of the scatterers. The received faded signal can be expressed 

as  

  
~ 

  s t( )   cos(2         ct   ),     c.   (2)  

    

For a dense-scatter channel model with a LOS, the PDF 

of the Doppler frequency shift is  

  

   1   

 p( ) c   1      

  K  1    K  ((c c  (fcfc ) fD))(fc   fD 

  c)       (3)  

 I(fc f fD c,  fD)( ) c 

  

with asymptotes at  c   fc   fD and an impulsive Dirac 

delta function at fc.   

We note that the expressed PDF is consistent with the 

power spectral density of the Doppler-shifted signal under 

a generalized classical Clark’s model [12] as depicted in Fig. 

3. Accordingly, the PDF of  c “fits” the characteristics of 

the power spectrum SD( )f of the Doppler signal. This  

“characteristical fitness” is in the sense that SD ( )f df   p c 

( ) c d c . As shown in Fig. 3, the PDF fits the following 

characteristics: (1) It is centered at fc and is zero outside the 

limits of fc   fD ; (2) Areas of large probabilities correspond 

to areas of larger power; (3) The PDF at f   fc   fD is 

infinite, that is, Doppler components arriving at exactly 0o 

and 180o have an infinite distribution. The latter 

observation does not indicate model’s divergence since the 

probability of exact angle arrivals at 0o and 180o is zero.  

  

 

Fig. 3 PSD of the Doppler signal under the generalized 

Clark’s   model  

  

In summary, the classical LOS Doppler model 

(generalized Clark) is identical to the diffuse model (Clark) 

to which a Dirac Delta function is superposed at the central 

carrier frequency fc. The Dirac delta function at the carrier 

frequency is a mathematical idealism for an instantaneous 

event, that of a LOS being a straight direct path (a sector of 

angle 0). Our model is centered and peaked at the carrier 

frequency representing the more practical phenomena 
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where the dominant LOS spans a narrow sector of 

infinitesimal angle   :  ( )f   lim    ( )f where  (.) 

is a test function and  

     0 may be defined as 

   ( )f        -1 Rect     .  

IV. STATISTICS OF THE DOPPLER FREQUENCY BASED ON A 

GENERALIZED CLARK’S MODEL  

A. Approximated Model for Partially Developed 

Fading   

We first consider the PDF of fading power of a two-wave 

partially developed scattering noise. The distribution of 

such power is very difficult to model analytically, but can be 

approximated [14], [15]. For 2 scattering signal paths, the 

physical Rician K-factor is  

  
2 

 Specular LOS Power V0 

  K     ,   (4)  

 Diffuse Power A1
2   A2

2 

  

and the shaping PAR (peak-to-average ratio) parameter is  

  

 Peak diffuse power 2A A1 2 

        .   (5)  

 Average diffuse power A1
2   A2

2 

  

The PDF of the fading power is  

  

       

 K     kP 1 kD     

V20 ; , cosK      2(Pk   1)1        ,(6)  

 p ( )    

K    ,      1 

  

where   

    

 1   e KI0  x 2K (1  )  
  

D x K  ;,         

,   (7)  

2   e  KI0  x 2K (1  )   

   

  

and I0(.) is the zero-order modified Bessel function of the 

first kind. The exact series coefficients  k and order P are 

tabulated in Table I. As a rule of thumb, the minimum order 

is chosen according to O P( )       K 2   , where 

    . is the ceiling or round up function.  

  

TABLE I  

COEFFICIENTS SERIES FOR THE APPROXIMATED FADING POWER PDF   

 

         

 k  

  

We note that the pdf expression yields accurate 

representations over the most useful range of K and   

parameters. The deviation between the approximate and 

exact PDFs will become significant only if (1) K >>, that is, 

the coherent specular power is much larger than the diffuse 

power, and (2)    1, that is, the amplitudes of the diffuse 

scatterers are relatively equal in magnitude.  

In particular, the PDF exhibits the following proper 

limiting behavior: (1) for K = 0, the envelope is Rayleigh 

distributed and the power is exponentially distributed; (2) 

for K > 0,   = 0, the envelope is Rician distributed and the 

power follows a modified Rician distribution; (3) for K  < 

2, the envelope follows a Rician-like shape; (4) for  

   2 1   

K   min  ,  1 , the envelope follows a Rayleigh- 

    1  2

    like shape.  

B. PDF of the Doppler Shift  

To obtain the PDF of the Doppler frequency shift, we 

make the following substitutions in the PDF of the fading 

power:  

  

  V0  j  ,  ~ U[  fD, fD ],    (8)  

  

2 which implies that V0   fc as 

expected since it is a LOS component. This can be 

 

P      3   2 4 1   5   
1     

14   34     
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illustrated geometrically on the IQ diagram 

(in-phase and quadrature) as a the random 

walk in the complex plane consisting of a 

coherent specular LOS component which 

spans an infinitesimally small sector    and is 

superposed to two randomly phased diffuse waves.   

The model parameters are given by:  

  

   A1   

0.5 ,   (9)  

   

  A2   0.5 ,  (10)  

  

K    
 2 2 

A1   A2 

4 fc 

  (11)  
 2 2 

   fc    fDfc   fD      fc    fDfc   fD   

 1 (0 dB), 

  

 2A A1 2 fD V V 

          , 0      1,  (12)  

 A12   A22 fc    fc c 

  

where   is a percentage of the speed of light at which 

the EM wave travels in a given medium (eg. 0.7). Since 

   and K = 1 > 0, the PDF of the Doppler frequency 

shift approaches a modified Rician distribution as   V 

c/    0 .  

V. RESULTS  

Figs. 4-6 depict the simulated PDF curves for different 

values of the controlling parameters V0
2, K, and   .  

  

  

  

2 
0 

V 

 

c fe 

 
 c D c D f f f f    

 D c D c f f f f    
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VI. CONCLUSIONS AND FUTURE WORK  

In this paper, we derived stochastic models for the 

statistical distribution of the Doppler frequency shift in 

the presence of a direct LOS based on a generalized 

Clark’s model and on a two-wave partially developed 

scattering models. We showed that the PDF under the 

latter model approaches a modified Rician distribution. 

Analytical expressions for the PDF of the Doppler 

frequency shift are crucial in the design of optimal signal 

detection in mobile communication systems.  

  

  

Fig. 6 The PDF for V0
2 = 1000, K = 1,   = 0.2  

  

For future work, we will analyse the statistics of the 

postdetection Doppler signal in the presence of a direct 

LOS, having previously shown that the statistical 

distribution follows an elliptic-K function in the absence 

of a direct LOS [8].  
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