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Abstract—Based on the conjugate gradient (CG) algorithm,
the constrained matrix equation AXB=C and the associate
optimal approximation problem are considered for the
symmetric arrowhead matrix solutions in the premise of
consistency. The convergence results of the method are
presented. At last, a numerical example is given to illustrate the
efficiency of this method.

1. INTRODUCTION

ET Rmn0be the set of m nl real matrices, SAR»»0be the
set of n n[ real symmetric arrowhead matrices and I, be the
identity matrix of ordern . For any ACIRm»0 | AT At ,"A"and

F

A denote the transpose, Moore-Penrose generalized
inverse,

Frobenius norm and Euclid norm, respectively.

For any AB, |:|Rm"5<,A12, O traceBAD Tl:l Oo

denotes the inner product of A and B . Therefore, Rm»0 is

a complete inner product space erddbwdd with 4 - O AA,
. For any matrices A A, .0, Ax OORm nD
, if

[ trace A[] iTAjD Ooldi O, , then it is easy to
verify

2,1, Ak are linearly independent and orthogonal.

Proposition 1. Let A B, [1R» "0 | then
trace A( ) O trace A( 7); trace AB( )
trace BA() trace A( )Otrace B()

Definition 1. If a matrix A (J D ai D ORnnO satisfies the
following

Dan A2 Ai3 O Ain O

O0ax a0 O o OO

AaDD 310a33D (0] O
O O

OO0 o o dog
O0auwo o 0O awmO0O

then we denote that A is arrowhead matrix, this type of
matrix

set is denoted as AR»»0, If a; [ a, (i O1,2,01, )n , then
we denote that A is symmetric arrow-head matrix, this

type of matrix set is denoted as SAR""C . vec A; O O
denotes a vector

Ua au, »,0,a a am, =2, ss,0,am (7.

Symmetric arrowhead matrices have many
applications in the modern control theory which can
represent the parameter matrix of nonlinear control
systems or the large sparse matrix in the linear systems
[1], [5]-[7]. With the development of electromagnetic
compatibility, the mathematical representation of the
influence factors of electromagnetic interference also
has potential application value. In this paper, we
consider the following constrained matrix equation

AXBCO ®

in which ACDR» 0, B[ORrsO , C ORms0 ., The above

matrix equation and other constrained matrix
equations have been studied in [2], [3], [8], [9], etc.
Peng et al. [4] analyzed CG algorithm to obtain
corresponding symmetric solutions, skew-symmetric
solutions, centro-symmetric solutions and so on. Based
on the classical method, we will utilize the operable
iterative method to find the symmetric arrowhead
matrix solution of the matrix equation (1).

II. THE CONJUGATE GRADIENT ALGORITHM

In this section, by means of the study of the classical
CG algorithm for solving the linear matrix equation in
[4], we propose the following algorithm to solve the
matrix equation (1) for the symmetric arrowhead
solution and give some main results in detail.

Firstly, we define the following linear operator:

U ORumo O ARnno

0.0 (2)
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in Wthh I:I DX D D EXnD XEu D dlag XD

L102E XE.,

According to the properties of the inner product matrix,
it is easy to verify that

<XY,h &,D Ov(o oOx D,Y)

in which X [OR»»0 Y [JAR~"0, Here we discuss the
iterative algorithm of the matrix equation (1) as:

Algorithm CG-W.

Step1. Initialization. For initial matrix X, (JSAR» 0
compute

RO COAXB,,

ARBrrOLJARBr-[]r
p.O

2

Q1|:| DD DPII:'EPIIII:' PEIHI:] dlagPD Dl
D 2E PElllll-
Step2. Iteration. For k [J1,2,[1, compute

R
2 Qk )
Io)

Xo: O Xee O

Step3. Compute

Rio: 0 O CAXkouB,

ARnoBrOLJAR: 0B [L]r

Proi O
2
trace P QD kTO1 k I:l
Qo OO0 P, 10O lo. Q.

if Rk [ 0 or Rio: [ 0, Qi [ 0, stop; otherwise continue
to step (2).
By algorithm CG-W it is clear that:

P:OSRu0, Q:OSAR o, Xi OSARn 0, 1 (1,2,.

The following will demonstrate that the algorithm CG-W
is terminated by a finite iterative step.

Lemma 1. The sequences [IR:[]

and DQID

generalized by
Algorithm CG-W satisfy

2

[
D TRjD DtraceRRD "T, DsztraceQPD ijD, R
J01,2,00(3)
trace Rio,

Qi

Proof: Since P70 P;, Q7 O Q:, by Algorithm CG-W, we

have
oo Or
11
trace R R[] iTDUD O traceiOU0c O AXio:BO 7 W O
OO0cOAXO:ORi..Q:OOBOOROOO
RO 0O traceOOO0OO OO Q OO
] OO
r IRE -
R T
"ok ",
I, codRB " .04k B
) 2
[F| [ O;4RB . .4RB AR
||Ql ||2 trace: 5
":U "2 trace@P .. U
IS K o

O
O traceDOcOAxBO RO

O

DtraceRRD i jDD
Un

O

DtraceRRD i jDD
DDD

O

O
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DtraceRRD i jDD T tracePQD ST SDID T
Lemma 2. For k [0 2, the sequences Or0O =
) OR Otrace Q Q. 1O . fraceQQ[]
O Q: O generalized by 0
. . o L1 0
Algorithm CG-W satisfy 0 oo
OR ~ oo,

traceRRD iTjD Do,traceQQD iTjD Oo,1j,

O1,2,00, ki 05 (4)
and

Proof: We shall prove this lemma by induction.
First’ notice that Pi DSRn nO s Qi I:lSARn nO s by Lemma 1 trace Q D sTEhQs D D traceD D D D D DPsEhD [:l trace P

and od vo.Oo.ooro.00
Algorithm CG-W, we obtain

2
. teeRR . o ooooo lolr  ooooo
trace Q PL .11 O trace00 L100Pe 00 r.oontrace P
traceRRDD[] " " QD N D O
s O1s 0.

"Q]"Rl 2 D Ri22 11117
O " tI’IaCMD trace IR M Q0 ]

Il N el
Do, o Thus, by Lemma 1, it is clear that trace RD sTouRy D
[J 0 when j 1. And we notice that 7ac€ R R ] oI o
as Well as trace Q QD s 4T D O o, trace Q QD sTj D O o, trace Q QD sTthD d (0]
forj O 2,3,00,s01 . By Lemma 1 and
lol Algorithm CG-W, we have
trace0000HO00000P.00 trace P KE "
traceR | R, .. traceRR. . T race@F, ... = =traceQ . P ..
ol ...do.0ooorooonooo ol o]
. " traceQ ‘ —tracePQ2 - .Q/.l
otece ] OnOe00- lof ol
|| || tracePQT I .
[0} I:l Otrace PQL] .. O o. " loF I ctrace@q lo [ T, e 00,
Suppose that (4) holds for k I Os 2 and notice
that trace Q Q D sT 5Ot D O o .According to Lemma and trace QD 0.0, [ 0 #racen2oooClp
1, we have .
Uo tracePQD arons L - .
BF 500
IrF " Ree 0o ES‘DU tracePQ)
R .. traceRR .. 1—- . 1 s
trace 5 ||Q|| RD sois trace Q PO ., [0 O RO ooooo il ||Q||2
.trace “ “ " || QD sd DPSF

o2 Il

lof I O tracen 0 o0p.e00Q Otrace QQ[]

[rL-

2

¥ lok. - D’ﬂ]qps—ﬂtmcePQD ST s ] N
et ~Ho-oooo

RS —r = QalH
0, lFD" Qo OpoOg

Journal of Computer Engineering | https://doi.org/10.5281/zenodo0.19341446 Page 12



JCE

Efficient Iterative Methods for Matrix Equations: A...

O tracePQD lejD O traceQPD i al] .

which gives

Ir [
trace QD st01Qj D O "Q/"Z trace QPD j 51:\1|:|
DDDtraceRRD T smlljﬂtraceRD
TleRsEhD aad
x|

O "Q/ "2 OOtrace R D sTOLR; |:| trace R |:|
sTEhRleD 00O O o,

Thus, (4) holds when k [0 (s 1. By the induction, we know
that (4) holds for when ,ij O1,2,00, ki O j.

Lemma 3. Suppose that the equation is consistent and X
is one solution of (1), then the sequences LIr[] and
O Qi O generalized by Algorithm CG-W satisfy

racern Ox-0 xJC1 Q.00 O Rez, k O1,2,00
(5)

Proof: We shall also prove this lemma by induction. First
of all, when k [J1 we have

tracel] DX‘DXIDQIDD O traceDDDX‘DXIDDD Op,
ooo traceDDDX“DXlleIDD
a

O trace00x0 x..JO0 AR Brur
D2DARBT1TDT
Oooo0oo o

|

oo | oono

T
Otrace02 U Brax. 0 -oxO0 o Oxox.Osr
a-Loo

O 2 O
oo

O trace0 2 axO -0 x.0er. L0 daxO -0
x.ar. oo

O 2 O
oag oa

O trace Ax00 [ -0 x.[Jarr00 O tracennTc o Ads v,
O ropotraceRRC] 7 [] gRr.e,

Suppose that (5) holds when k [1 s . Owing to

oo IR ZQ o
raceDO0x 0 xo oo ol ;7. O
traceO0O0O00O0O0X O X0 " "z"er
lof
Rs»T
I
O traceDDDXDXs QFDDD QsatraceQQD s straceQQD
s SD Od o,
we obtain
O - O trace P
od «w..d oo lolr

trace00x O xo. 000 O tracenn U x O

xoJoooOpe0oo.0o000
O ooog

trace P QD STOh s |:|

O trace00dx 0 xo.J00OpPo.Oo0oo loF
trace(1] DX O X@DQSD O
O O ARr Br
O trace0 U x- 0 x.0.d O
trace015 L x- 0 x.0. J OO o02lJAR:  uBr
Loooooo
PO
oo 0 ooo

O traced 2 L BRaoa x -0 xe: I L, o Ox0
X[ BRaoa OO

2

BRL,. . traceR . \R. .. |R. [
aod
OOodno

O traceOO O c O AX
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By the induction, we know that (5) holds for k [11,2,[1.
Theorem 1. Suppose that the matrix equation (1) is

consistent and for any initial matrix X; LISAR" "0, the

sequence [1Xi [lgenerated by Algorithm CG-W
converges to a solution of
(1) after finite-steps.

Proof: The proof is by contradiction. Assume that R;[] 0
, 1 O1,2,00,mp , then by Lemma 3, we have Q; 1 0 i
I:|1’2’D,mp and can further obtain Xmpo: and Ruppoa . If

Rmpo: 0 0, then according to Lemma 2 we get the

orthogonal basis matrix set DR R, 2,[0,Rimp ,Rinprx D of

R po, which contradicts the assumption. Thus, Rypo: LI 0

, and Xmpos is the exact solution of (1).

Theorem 2. Suppose that the matrix equation (1) is
consistent, then we take the initial matrix

x.000p0, p.004 ue~0O B A [/,

with any H [LIRms0 (or specially, for X; [1 [Jo R#»0), the

Algorithm CG-W converges to the minimum norm solution
of
(1) after finite-steps.

thus we get

x|oxtp-g o - fofdx

X is the symmetric arrowhead minimum norm solution of

(2). It is not difficult to verify the solution set of (1) is a closed
convex set, therefore, the symmetric arrowhead minimum
norm solution of (1) is unique.

III. NUMERICAL EXPERIMENTS

In this section, under the compatibility condition of the
constrained matrix equation AXB [ C, we give an example
to illustrate the efficiency and investigate the performance
of Algorithm CG-W which has been shown to be numerically
reliable in various circumstances. All functions are defined
by Matlab 7.0 and all codes are calculated with machine
precision around1099.

Example 1. Given A [ Dtoeplitz(l:go* )i zeros, (30* ,11*

yii L of row full rank, B 0 [ eye(40* )i ones i; (,40* )i [
of column full rank for i [11,2,[15 and C O AXB .Given Y [J
o.5onesnn(,) -

and O00x O 0 ev.0pv,099 Y[ [0 2E vE...
Notice that in this case, the matrix equationC OO AXB is

Proof: If we take X, 0O p,[] , PO D A HB™TO BH AT consistent and has a unique minimum norm solution.

D/z with

any H [JRms0, by Algorithm CG-W, we can get a solution
X of the matrix AXB [ C after finite-steps, and there

TABLE I
THE ITERATIVE STEPS, ITERATIVE TIME AND RESIDUAL NORM OF THE
ALGORITHM CG-W

CG-W
exists the matrix H CIRms0, such that X" O OJ HiEIN i1 Tter 94
CPU 0.282
with PAHBBHA* 0 (1 v 10~ 1 (/2. Froma x IR| 3.8626¢-008
; I 249
xBaxgaxsl ] -oB U o-oo 2 0
we know that all the symmetric arrowhead solution of ” R, " 4.1348¢-008
matrix equation AXB C[J can be expressed as X~ 0X0 i3 Tter 420
CPU 7.995
with X0 COSARr"0, satisfying AXB[] [ o . For X1 [J ||R " 280176008
k
olxo O, wegetaxsod o O O o, i e 505
thus we have CPU 23.669
R || R, || 9.5693e-008
xx .00 ) (A ) T -
O % I:lp . ’ 2 ’ CPU 62.574
<XA , < : > 0. ”Rk || 9.7150e-008
dHAXBA . old
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O

Fig. 1 Relation between error

101

In Table I, we obtain iterative steps(Iter), Iterative time
(CPU)

and residual norm Rx [ AX B Cr ||F of the algorithm

S ecﬂively. We set a stop criterion for Rx [ AX Bx o
EIOD . Then, Fig. 1 plots the relation between error 1 [
log (:0AXBO dl) and the iterative number
K wheni 1.

We choose the initial matrix X, [ zeros(41* ,41* )i 1,
the unique minimal norm solution of the matrix equation
(1) is obtained by the algorithm CG-W. It can be seen from
the Table I, when the order of the matrices A and B is
growing exponentially, the iterative steps of the algorithm
CG-W is growth multiples.
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