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Abstract—A bi-objective fuzzy transportation problem
with the objectives to minimize the total fuzzy cost and fuzzy
time of transportation without according priorities to them is
considered. To the best of our knowledge, there is no method
in the literature to find efficient solutions of the bi-objective
transportation problem under uncertainty. In this paper, a bi-
objective transportation problem in an uncertain environment
has been formulated. An algorithm has been proposed to find
efficient solutions of the bi-objective transportation problem
under uncertainty. The proposed algorithm avoids the
degeneracy and gives the optimal solution faster than other
existing algorithms for the given uncertain transportation
problem.

I. INTRODUCTION certain class of
mathematical programming problem arises very
frequently in practical applications. For example, a
product may be transported from factories to retail

stores. The factories are the sources and the stores are the
destinations. The amount of the product which is available
and the demand are also known. The problem is that the
different legs of the network joining the sources to the
destinations have different costs associated with them. The
aim is to find the minimum cost routing of products from
supply point to destination, this problem is widely known
as the cost minimizing transportation problem. The
transportation problem with a single objective to minimize
the duration of transportation has been studied in detail by
many researchers [19]-[22]. And also with multiple
objectives has been discussed in [15]-[17]. As in practical
life, decision makers do not have the exact transportation
cost and time; then, there exists the uncertainty about the
cost and time. Therefore, it is very interesting to deal with
the transportation problem in fuzzy environment. The idea
of fuzzy set was first proposed by Zadeh [25], as a mean of
handling uncertainty that is due to imprecision rather than
to randomness. Bellmann and Zadeh [2] presented the
technique of decision making process in fuzzy
environment. After that, many authors have studied fuzzy
linear programming problem techniques such as Fang [7],
Rommelfanger [18] and Tanaka et al. [24] etc.

In literature, we find that there many transportation
models where fuzzy linear programming have been applied
or approaches to solve multi-objective fuzzy transportation
problem. From this view point, Chanas [5] proposed a fuzzy
programming in multi-objective linear programming
solved by

parametric approach. Tanakka and Asai [23] introduced
fuzzy linear programming problem in fuzzy environment.
Zimmermann [26] proposed a fuzzy multi-criteria decision
making set, by using intersection of all fuzzy goals and
constraints. Lai-Hawng [10] considered multi-objective
linear programming problem with all parameters, having a
triangular possibility distribution. Bit [3] considered fuzzy
programming approach to a multi-criteria decision making
transportation problem in which the constraints are of
equality types. Later, Bit et al. [4] also considered a fuzzy
programming approach to multi-objective solid
transportation problem. And other several authors [1], [6],
[8], [14] have proposed different models for solving fuzzy
multi-objective transportation problems.

In this paper, we define an algorithm that has been
proposed to find the fuzzy optimal value of a bi-objective
fuzzy transportation problem. The technique gives the
optimal solution faster than other existing techniques. It
also reduces the computational work.

II. PRELIMINARIES
In this section, basic definitions, arithmetic operations
and ranking functions are reviewed [9], [11].
A. Basic Definitions

In this section some basic definitions are reviewed [9].
Definition 1: The characteristic function [4 of a crisp set

A [ X assigns a value either 0 or 1 to each member in X.
This function can be generalized to a function Ulao such
that the value assigned to the universal set X falls within a
specified range [0, 1] i.e.,, Oao (x X) : O0O{o0,1} . The
assigned value indicates the membership grade of the
element in the set A.

The function

and the A set ALDCI{(x,.JAO ())x x X; O } defined by Lan
for each x [0 X is called a fuzzy set.

A0 is called the membership function

Definition 2: A fuzzy set AL] , defined on the universal
set of real number R, is said to be a fuzzy number if its
membership function has the following characteristics:

1. Oao(O):x x0O0O{o,1}is continuous.

2. UoOxOoforallx0@OO,le [d,0).

Is strictly increasing on [c, a] and strictly decreasing
on [b, d].
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4. xUOlab,]forall xO[ab,].

Definition 3: A fuzzy number ALl (D (abcd,,,),is said
to be a triangular fuzzy number if its membership function
is given by

O (xad),axbO O

Ij(bal:!)
O

OecOx0O01  ,bxed O

[ (exO)

O
Lded)

,exdd O

whereabcdR,,, .

B. Arithmetic Operations

In this subsection, arithmetic operations between two
trapezoidal fuzzy numbers, defined on a universal set of
real numbers R, are reviewed [9].

LetAO.O (abed, s, ) and ALl O (a2,b:,c:, d-) be two
trapezoidal fuzzy numbers, then

(l) A, O0AO.O ((11[] az,bllj bz, C1D Ca, dlD dz).
(i) AAOOO.O (e.0d.b.Oe., e.0b., d.Oa.) .

(-++-a, b,c,d) -0
(iii) - 47 - -0

'(----d,c,b,a) C

Ranking
Function

A convenient method for comparing fuzzy numbers is by
using ranking function [12], [13]. A ranking function O : F

R() OO R, where F(R) set of all fuzzy numbers defined
on set of real numbers defined on set of real numbers, maps
each fuzzy number into a real number. LetA O and BO be

two fuzzy numbers, then:
HAB -~ if-()4A”-()B" .
(A B -~ if-()A” (B~

(iii) 4 B - Od O

III. FORMULATION OF BI-OBJECTIVE FuUzZzZy
TRANSPORTATION PROBLEM

Suppose there are m sources and n destinations. Let a ii(
O1,2,...,m) be the unit availability at source i, b;(j1,2,...,n)
be the unit demand at the destination j, ¢y (i O1,2,...,m j;
O1,2,...,n) be the fuzzy cost of transportation of unit
homogeneous product from source i to destination j, t0; (i
O1,2,...,mj; O1,2,...,n) be the fuzzy time of
transportation of unit homogeneous product from it

jin destination and X, (i O,2,..

source to .mj; 01,2,....n) is

the variable assuming the value 0 or 1 according as the
entire requirement of destination j is not met or met from

source i . Let 00 and TO denote the total fuzzy cost and

fuzzy time of transportation respectively. The
mathematical formulation of the problem is as follows.

Determine X;'s which minimize

the two-objective functions:

co o O ey Oxg )

i01j01

Tt O max{t0; Ox iy; O1,2,...,mj; O1,2,...,n}
(2)

without according priorities to them, subject to the
constraints,

n

i ai; (1 01,2,...,m)

Dbxj

(3
jOu
Dxij 01 > (] D172,"'7n) (4)
it
x;door1 (i O,2,...;mj01,2,..,n) (5)

IV. SOLUTION PROCEDURE

The proposed algorithm has three subparts, as given
below, to find the fuzzy efficient optimal solution of the
fuzzy biobjective transportation problem.

A. Conversion of Two Objectives into a Sequence of
Single Objective

Here we use the following process to convert bi-objective
fuzzy transportation problem in single objective fuzzy
transportation problem as follows,
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Step 1. The set tDij(i 1,2,...,mj; O1,2,...,n) is partitioned
into subsets Lk(k[11,2,...,q) in the following way. Each of

the subsets Li's consists of the t;'s having the same fuzzy

value. L

L

1 consists of the tDij having the largest fuzzy time,

> consists of the tl:lij having the next largest fuzzy time,

L

and so on, L, consists of the {[J; having the smallest fuzzy

time.
Step 2. Preemptive priority factors Mo,M,,...,M, are assigned
to CI, Dxl'j, [] DXij,..., Xi respectively. Here ny

is the
Lo L1 Lq Lk

sum of the Xij corresponding to the t[1ij belonging to Lk .
M

All the priority factors *"'s are fixed positive real numbers

and
q

are such that the expression o «, where [«'s are real
kOo

numbers which can be negative or zero or positive, has the

x with the smallest subscript

O

same sign as the non-zero

in it irrespective of the values of other —&'s . This implies

that

Mo, M,,..., M, are such that M, ooM, oooo.., Mq. (The
symbol >> indicates that the quantity on its left side
arbitrarily large compared to right hand side).

Step 3. After this, the cost—time trade-off fuzzy
transportation problem with CD and T|:| as the first and
second priority objectives, respectively, is reduced to an
equivalent single-objective fuzzy transportation problem

seeking to determine xij 'S which minimize

m n q

ZDMoDDCDijD DxijD I:le Xij

(6)

i1 jO1 kO1 Lk

subject to the constraints (3)—(5).

B. Proposed Algorithm to Obtain Fuzzy Efficient Solution

Step I: The single objective fuzzy transportation problem,
obtained in Section IV.A, is transformed into the tabular

form. Step II: Consider a set S having the cells (1 j, ) which

has the fuzzy cost with minimum rank among each entries
of its corresponding row and column in the obtained table.

Step III: Calculate P [1; for each cell (i j, )[IS .where

PO, O Sum of fuzzy costs of nearest adjacent sides of cell (,ij) .

N um ber of fuzzy costs added

Step IV: Allocate the cell (i, j) for which rank of p Cyie.

O (PDij) is maximum. If two or more [1(P s[1;)" have the
same values then allocate that cell which has least cost
among all cells for which L1(PLly) 's are equal. Again, if
the costs of these cells are equal then randomly allocate
that cell for which

a0l bj .

Step V: Check whether the requirement of each

destination is

fulfilled or not. If not then repeat

Step II-V, else, the obtained fuzzy solution is our fuzzy
optimal solution of fuzzy transportation problem.

C. Procedure to Obtain 2" Subsequent and Efficient
Fuzzy Solution

After finding the first efficient solution, X, has been
obtained of given fuzzy transportation problem. The

second efficient solution %@ is obtained by deleting all

the cells (i j, ) corresponding to [ D t; I:l aad D T
x0I( ij(l))D. The resultant problem is designated the

second efficient solution xij(2) . Further, the third efficient

solution is obtained by deleting those cells (i j, ) in the
second cost-time trade-off fuzzy transportation problem
in fuzzy environment, that correspond to the

oo, Oool7r xo¢ ;o). subsequent

efficient solutions are obtained by proceeding exactly in
the same way.

V. NUMERICAL EXAMPLE

In this section, a numerical problem is considered of
four origins and five destinations and applies the
algorithm as explained in Section IV. The tableau
representation of the numerical problem is given in Table
I. The upper entries denote the fuzzy cost of unit product
which have to transport from ith origin to jth destination
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and the lower entries denote the fuzzy time of
transportation from it origin to jt destination.

TABLE I
BI-OBJECTIVE FUZZY TRANSPORTATION PROBLEM
D D> D; D4 DS ai
+0,1,2,5¢ *1,2,3,6¢ -1,2,3,6 +2,5,7,14+ +0,0.5,1.5,2-
O sas ‘1,348 3.7,10.20- 358,160 257,14 3
-1, 3, 4.8 -0,0.5,1.5,2+ -0,0.5,1.5,2+ -0,1,2,5¢ -3,5,8,16- .
0 548 -2,5,7,14- -5,7,12,24- -5,9,14,28- -3,5,8,16-
+0,0.5,1.5,2 *2,5,7,14- -5,6,11,22- -0,0.5,1.5,2- -1,4,5,10
05 55816 0125 1348 1348 1348 3
+9,11,20,40- -13,17,30,60- +3,7,10,20- -0,1,2,5 -1,4,5,10+
O -1,3,4,8 -2,4,6,12- *2,5,7,14+ -0,0.5,1.5,2- -0,0.5,1.5,2+ 2
b 3 3 2 2 1

In Table I, the upper entries of cell [1ij, [ depicts the unit commodity required at the destinations and available at the

origins, respectively. The numerical problem seeks to fuzzy
cost and the lower entries of a cell [1ij, [ depict fuzzy determine x;' s which minimize the two objective functions, time
of fuzzy transportation from origin O; to destination D;.

In the last row and column, b; and ai depicts the units of the

Cl:] D (0915 25 5)x11 d (1> 2> 3’ 6)x12 | (1, 2, 3’ 6)x13 | (2’ 57 7914)x14 | (O’ 0'5’1'5’ 2)x15 O (1’ 3, 4: 8)x21
0 (0, 0.5,1.5, 2)*22 00 (0, 0.5,1.5, 2) X230 (0,1, 2, 5) *24 0 (3, 5, 8,16) 250 (0, 0.5,1.5, 2) ¥

0O (2, 5, 7,14) %32 0 (5, 6,11, 22) X530 (0, 0.5,1.5, 2) 340 (1, 4, 5,10)¥35 0 (9,11, 20, 40) ¥4
O (13,17, 30, 60) x42 00 (3, 7,10, 20) x43 0 (0,1, 2, 5)x44 0 (1, 4, 5,10)x45

Unln max{t;Ox;:101,2,3,4;j1,2,3, 4,5} . objective fuzzy transportation problem of numerical problem seeks

to determine *jj ' s which minimize
A. Solution Procedure

Using the procedure given in Section IV.A, the single-

ZM0O B o((0,1,2,5% 0 (1,2,3,6Y:2 O (1,2,3,613 O (2,5,7,14)%14 0 (0,0.5,1.5,2)%15

O (1,3,4,8)%21 0 (0,0.5,1.5,2)%22 0 (0,0.5,1.5,2)23 00 (0,1,2,5)%24 [ (3,5,8,16) 25

0 (0,0.5,1.5,2)%3: O (2,5,7,14)%32 O (5,6,11,22)%33 0 (0,0.5,1.5,2) 54 0 (1,4,5,10) 35

O (9,11,20,40)%4 O (13,17,30,60)%42 O (3,7,10,20)%43 O (0,1,2,5)44 O (1,4,5,10)"45)

[ (0,0.5,1.5, 2){M1 24(x ) LI M2 23(x ) [0 M3 13(x ) T M4 14(x O x25 [ x31) O M5 15(x
O x22 X43)

O M6 42(x) O M7 11(xcd x12 O x21 [ x33 [ x34 [T x35 1 x41) 00 M8 32(x O x44 O x45)

subject to the given constraints (3)-(5) after assigning (ij s
1, )" ( O1,2,3,4; j U1,2,3,4,5) depict the fuzzy cost and it numerical values to all the parameters therein. has been
considered that v oom oo oo... » while minimizing
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The tableau representation of the single-objective fuzzy o:8transportation problem is shown in Table II, where the

cells 207 -
TABLE II
SINGLE OBJECTIVE FUZZY TRANSPORTATION PROBLEM
D D> D3 D Ds ai
(0,1,2,5)M,- (1,2,3,6)M, - (1,2,3,6) Mo- (2,5,7,14) Mo- (0,0.5,1.5,2) M-
O 0,0.5,1.5,2) M. >
(0,0.5,1.5,2) M, (0,0.5,1.5,2) M (0,0.5,1.5,2) Ms 0,05,152) M, (0,05, 1.52) M;
(1,3,4,8) Mo - (0,0.5,1.5,2) Mo- (0,0.5,1.5,2) Mo- (0,1,2,5) Mo- (3,5,8,16) Mo -
02 4
(0,0.5,1.5,2) M7 (0,0.5,1.5,2) Ms (0,0.5,1.5,2) M> (0,0.5,1.5,2) M, (0,0.5,1.5,2) M
o (0,0.5,1.5,2) M,- (2,5,7,14) Mo- (5,6,11,22) Mo- (0,0.5,1.5,2) My- (1,4,5,10) M,-
3
P 0,05152) M, (0,0.5,1.5,2) Ms (0,0.5,1.5,2) M7 (0,0.5,1.5,2) M; (0,0.5,1.5,2) M,
(9,11,20,40)Mo - (13,17,30,60)Mo - (3,7,10,20)Mo - (0,1,2,5)Mo- (1,4,5,10)Mo -
(0) 2
¥ (0,0.5,1.5,2)M;7 (0,0.5,1.5,2)Ms (0,0.5,1.5,2)Ms (0,0.5,1.5,2)Ms (0,0.5,1.5,2)Ms
by 3 3 2 2 1
In the fuzzy matrix, given in Table II, the rank of the fuzzy of Pl for these cells
are, cost of the cell (1,5), (2,2), (2,3), (3,1), (3,4) and (4,4) is minimum corresponding
to their row and column. The values
P00 Os5,10,15,30 M. 0o0,1,3,400M, 0 2.5,5,7.51500 Mo
00o,0.5,1.5,2[1M,
2
PO 0 O4,10.5,15.5,3000M .0 Lo, 0.5,1.5, 2000 .00 o,1,3, 4000, 0 Oo, 0.5,1.5, 200 M s
4
0O Oy, 2.625,3.875, 7.500M .0 Lo, 0.125, 0.375, 0.5 .0 Lo, 0.25, 0.75,1.0M ,
0 o, 0.175, 0.375, 0.50M s
P00 [ 6,9.5,17.5,35 Om,O Do,o.5,1.5,2 Om,0O 0,0.5,1.5,2 |:|M3 O |:|o,0.5,1.5,2 |:]M5 O Do,0.5,1.5,2|:]M7
PO, O 12,19,31,62 Om,0d 0,1,3,4 DM7 o 0,0.5,1.5,2 Ol
3
= 4,6.3,10.3,20.6 O 0O0m,od 0,0.3,1,1.3 |:|M7 o] 0,0.16,0.5,0.6 O
pO,,0O O 6,12,20,42 Om,0d 0,0.5,1.5,2 Oy, 0,1,3,4 DM7 ol 0,0.5,1.5,2 H)YA
4
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o 1.5,3,5,10.5 Om,od 0,0.125,0.375,0.5 v, 0,0.25,0.75,1 Oy, o 0,0.125,0.375,0.5 YA

PO U 4,11.5,16.5,32 Om,od 0,0.5,1.5,2 Om, o 0,0.5,1.5,2 Oa,od 0,0.5,1.5,2 Ol

3
o 1.3,3.83,5.5,10.6 Om, 0 0,0.16,0.5,0.6 |:|M5 o 0,0.16,0.5,0.6 |:|M7 o 0,0.16,0.5,0.6 O

By using the ranking function, we can see that (3, 1) and block Sg and D1 , as shown in Table III. max{P Dls,P PPP

PO, Oas, Oay, Oy, O 0P 04, therefore allocate the cell

TABLE IIT
AFTER 15T ALLOCATION
D, D, D, D, D, a,

0.(0,1,2,5)Mo 1 (1,2,3,6)M, 1 (1,2,3,6) M, O (2,5,7,14) M, O (0,0.5,1.5,2) Mo = 5(0,0.5,1.5,2) M, (0,0.5,1.5,2) M,(0,0.5,1.5,2)
M,(0,0.5,1.5,2) M,(0,0.5, 1.5,2) M5
(1,3,4,8) M - (0,0.5,1.5,2) M - (0,0.5,1.5,2) M - (0,1,2,5) M - (3,5,8,16) M - O2 0 M7 (0,0.5,1.5,2) M5 (0,0.5,1.5,2) Mo
(0,0.5,1.5,2) 0 M1 (0,0.5,1.5,2) oM 4
(0,0.5,1.5,2)
(0,0.5,1.5,2) M -
o’ o @ (257,14 M (5(0,6,11,22) ,0.5,1.5.2) MMo - (0(0,0.5,1.5,2) ,0.5,1.5,2) MMo,- (0(1,4,5,10)
,0.5,1.5,2) Mojs+
(0,0.5,1.5,2) M4 (0,0.5,1.5,2)

(9,11,20,40)M - (13,17,30,60)M - (3,7,10,20)M - (0,1,2,5)M - (1,4,5,10)M - O* My, (0,0.5,1.5,2)M¢ (0,0.5,1.5.2)Mo s

(0,0.5,1.5,2)0 Mz (0,0.5,1.5,2)oMs 2
(0,0.5,1.5,2)

b, 3 3 2 2 1

On repeating the steps of algorithm (Section IV.B) until all To obtain the next efficient fuzzy optimal solution, block all the
requirements of each destination is completed. The first the cells (i, j) in the previous cost time trade-off fuzzy fuzzy efficient optimal

solution of the problem given in Table transportation problem, for which «* *£7+-*T x"(5i1))*-10
Lis xi3(y+ 2, x15(y -1, x2100 + 1, x2201) + 3, X310+ 2, X44(1) - 2 and the units. Using this procedure, four fuzzy efficient optimal first efficient

optimal value of fuzzy cost and fuzzy time is solutions have been obtained and shown in Table IV. C x7( ;) - (3,12,23,42), T x™( ;")

- (3,7,10,20), respectively.

TABLE IV
SET OF FUZzY EFFICIENT SOLUTIONS
Fuzzy Efficient Solutions Optimal Solution Total Fuzzy Cost Total Fuzzy Time
C(xM) T~ (1)
Xij(1) xi3y+ 2, xism - 1, x21 -1, X221+ 3, X310+ 2, X441+ 2 i L(37.10,20)
- (3,12, 23,42)
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X X X X
-1, 2o, 5001, Tee - 3, e

i

x x +(7,20.5,35.5.65)
1,740 2, e - 2

X1 - 3, X150+ 1, X220+ 3, X330 -1, X343 C i)
<2, X433 -1 - (8,19,36,69)
C™ Xx@)

Xij(4)

X2y L 3, X1 1 3, X330 1 2, X340 L1, Xaae) 11, xas0 L1

-(3,5.8,16)
T (xij3))

-(2,5,7,14)
(®)

CO(x) TO(X2)

(s ) ij
0 (17,32.5,51.5,103) 0 (1,3, 4,8)

VI. CONCLUSION

In this paper, a bi-objective fuzzy transportation problem

obtained by the proposed algorithm shows that the
decision maker has the more flexibility because the
decision maker does not have the exact transportation cost
and time, there then exists uncertainty about the cost and
time. The proposed method provides the optimal solution
faster than other existing methods for fuzzy transportation
problems. It also reduces the computational work.
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