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Abstract—A model of the mathematical fluid dynamics
which describes the motion of a three-dimensional viscous
rotating fluid in a homogeneous gravitational field with the
consideration of the salinity and heat transfer is considered in a
vertical finite layer. The model is a generalization of the
linearized Navier-Stokes system with the addition of the
Coriolis parameter and the equations for changeable density,
salinity, and heat transfer. An explicit solution is constructed
and the proof of the existence and uniqueness theorems is
given. The localization and the structure of the spectrum of
inner waves is also investigated. The results may be used, in
particular, for constructing stable numerical algorithms for
solutions of the considered models of fluid dynamics of the
Atmosphere and the Ocean.

Stokes equations, stratified fluid.

I. INTRODUCTION
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ET us consider a bounded domain [0 O Rs and the following
system of fluid dynamics
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Here “U 0 Ouu Ui, 2, 3|:| is a velocity field, p(x t, ) is the
scalar field of the dynamic pressure, [] Ux,e[] is the

dynamic density of the fluid, Wx t0 , O is either dynamic
salinity or dynamic temperature, [10 Const is the Coriolis
parameter, and

[1; , ¢ O 1,.4 are constant nonzero stratification
parameters.

For the kinematic viscosity coefficient (1 ,we assume 10 o
The considered equations are deduced, for example, in [1].
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The study of mathematical properties of different systems
of fluid dynamics of rotating fluid was started in [2]-[4].
Various problems involving the spectrum of normal
vibrations for stratified and rotating fluid were considered
in [5]-[10]. For non-linear model considered in bounded
domains, but without the equations for salinity and heat
transfer, the solution of similar systems was studied in
[11]. We can observe that, for some problems of Ocean and
Atmosphere dynamics, particularly for the cases when the
horizontal dimensions are considerably larger than
vertical dimensions, the third equation of the previous

O

system does not contain the terms —_—us and [us (see,

for example, [12]). Therefore, we will [t consider the
system

ULy ooOv.0o oo UIDpDO

i B

0. 00w, Op

O 5t 000,00 00 v.0x=0 0
o

O0p

O00,v00.v00 (1)

O]
h®_; 2021 The Authors. Open Access under CC BY 4.0.

How to cite: Elena Rodriguez and Julian Styles (2021). Dynamics of Stratified Fluids: A Mathematical Exploration of Viscous Flow with Salinity and Heat
Transfer. Journal of Computer Engineering, 10(9), 53—61. DOI: https://doi.org/10.5281/zenodo.19343529



https://doi.org/10.5281/zenodo.19343529

JCE

Dynamics of Stratified Fluids: A Mathematical...

O0x,
OO0OdivwO O o

DDU4
OOM,wOo
O Ot
O0ws

00 O0«O000 0dvs0,v 00 xO0, tOo

in the domain

onoodiood,ooldyo Oxxm,,0 0 Oxx
X1, 2,51, xOORe, 0 O x, 00 L.

We will consider the initial conditions
viboo O ve OxO ,i101,2,4,5 (2)

and boundary value conditions

Dol Oo0,i012;vkoe00,i03,45.  (3)

Oxesxs00 xs0hx,0h

I1. PROBLEM FORMULATION

Our primary aim is to construct the solution of the

problem
(1)-(3). The general idea of construction of such solution in
a layer is taken from [14].

We will use the Laplace transform with respect to t, the
Fourier transform with respect to x[1 and finite integral
transforms with respect to x;. We apply the Cosine-Fourier
transform to the first, the second and the fourth equations
of (1), and the Sine-Fourier transform to the rest of the
equations. For that purpose, we multiply the first, the
second and the fourth equations by cos[1,x;, the rest of the
equations we multiply by sin[], x; , and integrate with
respect to x; on the interval o [ x; [0 h . Let us introduce
the following notations:

0,07,
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Using the boundary value conditions (3), we transform
the problem (1)-(3) into the following;:
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To solve the problem (4), (5), we assume that the initial
conditions are sufficiently smooth and rapidly decreasing
functions for X0 OI I , which allows us to apply the Fourier
transform in xO and Laplace transform in ¢ .

After introducing the notations
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we obtain the system of algebraic equations

For the following, we assume v [JWy4 o0, q
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. v We also suppose that the condition of consistency of the
vbb0.00i.."00,"0:00 initial data and boundary values is fulfilled.
O Do, 0 3500 O v After solving (6) and applying the inverse Fourier and

Laplace transforms FoPoo! xoLoY'or, we can represent
D O I:lllj 00 0o00:0 . I:I vo.O, the solution of the problem (4)-(5) as

(6)1
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From (7), we can represent the inverse Laplace
transform
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for the functions [J; as follows.
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We define a strong solution of the problem (1)-(3) as a

system of the functions o pv vD, , 4, s such that
’ UD 4°

In this way, the solution of the problem (1)-(3) can be 05 OCy 0 ] |:|Q e QD L] ,ui0Cee2 |:|Q Oc
represented as follows ([13]): QD 1o s

satisfy (1) and the conditions (2), (3).
We define a weak solution of the problem (1)-(3) as a
system of the functions v, ., 00O VQD o

o O

1
|:|vpi, O0x:, O O _hDvai, ~O0OxO,0,t 00—

hD"DIDUPAia "U0xn 0, Heos O, L, which satisfy the condition (2) and the integral identity
1 01,2,
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for all t 0o, and for every vector function

O
O0x:d ood  Ose.0ve O .

Our aim now is to study the properties of existence and
uniqueness of the strong and weak solutions for (1)-(3).

II1. PROBLEM SOLUTION

Theorem 1 The system of functions (8) defines a strong
solution of the problem (1)-(3).

Proof. Evidently, it is sufficient to show that the series
(8) converge uniformly with respect to x and t, together
with their term-by-term derivatives in x and ¢t , and that
the initial conditions (2) are satisfied. Let us investigate
the first component of the solution, since the rest of the
components are anafogous. For O O2,t Ot O o, the

derivatives of the series which define v.[x ¢, [ , are
estimated in the following way:
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We observe that the constants C: in (9) and (10), in
general, depend on t,. Due to the arbitrary choice of t,

tl"llj nglj en00.e Ul .

O o, it follows from (9), (10), that the series (8)
converge uniformly in x and £, together with the series
obtained as a result of term-by-term differentiation
with respect to x and t.
Let us prove that v [x t, [ satisfies the initial
condition (2).
For that, we represent the general term of the series as
follows.
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where [;, is the Kronecker symbol and G x 0O, 0Ois
the singular solution of the heat transfer equation.
Since

L cosOx, O [ h
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O C
w Ot ald w,
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and W x[] [ is any of the functions ve [lx[] | i
01,2,4,5.
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are satisfied, which completes the proof.
Theorem 2 The weak solution of the problem (1)-(3), is
unique.

Proof. Let [1v v v, ,, ;[ be a weak solution of the
problem (1)-(3) for
ve OxO Do, i01,2,4,5.

Our aim is to verify that v; Oxt, d O0,i01,2,3,4,5.

We take [Jvv v, ,, ;[ as test functions ;. In this
way, we obtain

12 — Oimev.O v D2U52 — [OO0Odx

oo 0. ooooow,0000 0
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DDI Q iDlleI:]

2 2

oo o.0000w. 000 0 0.000__
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It follows from (12) that 0 O o , 10
Ox; Oxi

implies v, Clx t, OouvOxt,dOo , due to the
boundary conditions.
Additionally, it follows from (2) that

_ Duipo, O0:v dxeO o for all tO Lo, 000 ;¢
O1,2,10 Oy 3,
Ox

Oi0O

which implies v; Ldx t, [J O o, i O1,2. From the
equation of

— Ows
vxt;1 , 0 OO0Ox 3, O, continuity, we have that
Oo. Therefore, (lx;
and from the boundary conditions, we finally obtain that
vxt;0] , [ Oo, and thus, the theorem is proved.
Theorem 3 The strong solution of the problem (1)-(3), is
unique and belongs to the class V QL] o[ .

Proof. Let us consider the component v x t,[]1 , [ of the
solution.

Using the Parseval formula
representation (8), we have

and the explicit

O

vxt 1,0 ...o000m O000vx 0 O,0,t0 2.0
o0 2o senfe 0 Of, Obeopoooo o

J:|.2El|’:|2I:I .

| =

| D

O Ows DDD,O,tD O0coO2 — &

oo, n t|:| .0 0o O.

h O nO1 O

Let us estimate the general term of the last series.
With the help of the obvious inequality [la b0 L.

O21ab.0.0] and the explicit form of the functions [J;
, we obtain
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From the last relation and the proof of Theorem 1, we
have

b, 000, 00 2.0 v0 Jgdrnmljg

DlDdDDDD2 DQD Cna2, (13)

which implies that v Ox ¢, Oocd Lo,00, 1.

DDDD' udo xOO, tOo.
Let 0 O R.O o O + OO0, Analogously, for O 1,
btai | | W€ in abounded domain C1 [1 Rs with the boundary (1] of the
obtam classCt. We associate system (13) to the boundary
conditions
Dvxton[], [ weoe.o OnO0O0 tllm DI,DJ‘:I Dv
xoooo™ O O,0,t0] 2.0 oo O2 oo Ell]nmsD v X unD Dl:l | Do
nto.oo™xU O, , O .0 00 0000
(14)
I - | ala
OU=0r0 "]D D 10] dl]l":“ D || O oo.. ooooel] O, where nE| is the exterior normal to the surface [1[]. Let us
ntld .. (p consider the following problem of normal vibrations
000 » 0000000000 0 ooO
n D D
O.ooo a1 r0ood uxt—U, 0 Ovxe=0 00 oo
0,00 1y, Oxeoo
Due to the inclusion property Wi« [ 10O O Ow.: [ [, pxti, vs xet
the general term of the series may be estimated as follows: U (15)

O0xe, O O O Oy enoe
wxtd, O Oved Oxeooe |, OOC.

(all
i01,2,4,5
:00dO0O0
0 We denote Y00 O v v v UD, + 5, 6] and write the
system (13) in the matrix form
LvOOo (16)
obtained that where
LOMOOrI
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We define the domain of the differential operator M
with the boundary condition (14) as follows.

OO0QveD OO0Ow..d 0o o0,,v w;O
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pMOODO O 0 .
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O
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The consideration of the separated variables of the
form (15) permits to interpret every non-stationary
process as a linear sum of the normal oscillations. The
spectrum of inner vibrations may be used for
investigating the properties of the stability of the
solutions. As well, the spectral properties of M may be
used in the studying of weakly non-linear flows, since
the points of bifurcation are the points of the spectrum
of the operator M .

M is a
closed operator, and its domain is dense in .0 Oo

L.

Let us denote by (ess LINL] the essential spectrum
of a closed linear operator N. We recall that, according
to the definition of the essential spectrum [15], [16],

We observe that the above defined operator

0. ONO 0 Oooce: Ov oo is not of
Fredholm type , O]

it consists of the eigenvalues of infinite multiplicity, limit
points of the point spectrum, and the points of the
continuous spectrum.

Therefore, the spectral points outside of the essential
spectrum, are eigenvalues of finite multiplicity. For
calculating the essential spectrum of M, we would like to
refer to the property [17]:

OO OoeOs,

where

Q O Oooddc: Om Oodris not elliptic OO0
[10Oin sense of Douglis-Nirenberg (1]

and

S0 O0O0OC Q\: the boundary conditions of L1M
ooooo.

[Odo not satisfy Lopatinski conditions oo

Theorem 4 The essential spectrum of the operator M is

composed of one real point ... L1M[] O Un L,

U,

aoodad
Proof. We observe that, according to the definition of the
ellipticity in sense of Douglis-Nirenberg [18], the main
symbol of the operator L (1 M 1T will be expressed as:

O.
DD&I] 0 0]
ooO

O o DE'[Dz 0 . 0 o O
o O
OO -
O OO0 ooo ||o o 0O0O0O.
Dng (0] (0] 0.
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O1 1 1 O
—1 2 3 0 O
0 .
0 0 0 0
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We calculate the determinant of the last matrix:

sedvooodo0 008 h.0 ooo. 0o
L1,

|

and thus, we can see that for only one point [1[] » the

o

operator L 00 M O[T is not elliptic in sense of Douglis-
Nirenberg. Now, we will show, additionally, that the
conditions of Lopatinski [17] are satisfied.

The boundary condition (14) can be written in a matrix
form

GUD'DDDO,GDDTh n. n; o o oll

Ooodoooo,-0, sao

If we denote ; then

det L 1Mooor] DDE&JD 0o Lo oo
2> |:|4|:|1DIZIDD2|:| ,

O

and thus, the equation det DMD oo o DID ] 4,

D DOfOI‘I:ID 12
o

has one root L1 L l:] O of multiplicity four in the upper half
of the complex plane.

In this way, MO DDD,I:| |D o o |:| Oi

. |:| 4. Since the elements of the matrices MO [17 and

G are homogeneous functions with respect to DD,D,

then it is sufficient to verify the Lopatinski conditions for
unitary vectors L[] . Let us choose a local system of
coordinates so that (1,1, [J.Jo.

For the matrix DM ooo! D , we construct first

the adjoint matrix [1y OO1]o, then we multiply

[1» OoOrlo by the boundary conditions matrix G
and thus obtain the following.

¢vOoOdoo oon BeOoeOO H__e,

O

O—,0,0n Bss_Dz,o,o,o ,00

o o Oo

where B 0 OO D1DD2 D .

Since G M1 O0O1[ois a vector row, then evidently,
the
Lopatinski conditions are satisfied, and thus, the
theorem is proved.
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