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Abstract—By using the two existing operators, we have
defined an operator, which is an extension for them. In this
paper, first the operator is introduced. Then, using this
operator, the subclasses of multivalent functions are defined.
These subclasses of multivalent functions are utilized in order
to obtain coefficient inequalities, extreme points, and integral
means inequalities for functions belonging to these classes.

I. INTRODUCTION

\%Y

E have defined the operator , , , which is an extension of
operators of Al-Oboudi Operator [1] and
Salagean Operator [9]. Also we define two subclasses
,»»,,and,,,,,using the above mentioned operator.
These operator’s subclasses mentioned are extension of , , ,
and, , , , which are introduced by Eker and Seker [5].
Let  Dbe the class of functions of the form

Ypnaz, (PEN={123,...}) (

which are analytic and -valent in the open unit disc €
o 1.
Definition 1. Let, € , o, o, , €

2

Then, we define the operator as: , ,

., 3 1 ] I, (zew. (o)

Definition 2. The function € is to be in the class
b b b b b if

_ [— [— 1(3)
11 o
forsome01, 0, 0,, €\ O0and €. 0, € , €
Let  be the subclass of consisting of

fz z X (4)

which are p - valent in . Let Q be the class of function ®
analyticin suchthatwoo, |wz| 1.

For any two functions f and g in , f is said to be
subordinate to g denoted f < g if there exists an analytic
function w € Q such that fz g w z [2]. Further, iffzzY az
, then we have :

D Agnfz z » 1 ]az, zZE -0
For any function f€ and & neighborhood0, the § -
of fis defined s :
f gz 7z ) bz € : Y jla bl §.(6)
In particular, for the function ez z, we see that :
e gz z Y bz e : 3 jlbl 8.(7)

The concept of neighborhoods was first introduced by
Goodman [6] and then generalized by Ruscheweyh [8].
Definition 3. A function f € is said to be in the class

B,n, m,p,q, A, B, Aif

< , zZ€e ,

8

where,y1BABB,0P1, gne, me,A1and 1BA1.

I1. COEFFICIENT INEQUALITIES FOR THE CLASS

> b )

Theorem 1. If € satisfies, then

(9)
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where,
j—p)A
[1 + (i—p) ] L
) ) b b ) ) plf"
1 L )
G p)] +[1+O p)]
ptq pHgq
2 1 1 "
U—”] | ]a.’zo.
ptq J
2 1 - 1
III. REraTioN For s s s s s
By Theorem 1 we introduce the class s s s s
as the subclass of , , , ,
, consisting of satisfying
z b b ) b b b 2| | 1 (10)
where,
b b ) b b b
U-pa] _ [1 + U-p)A
p+a p+q
) — U=p)a"
B2 —a)—1] [1 + L2
G=p)AT™ (=p)A
p+q ] - [1 + p+q ]
1 1
21
2 1
for some 01, 0, €, € ande\o.
Theorem 2. If €, then s ., ., C
., , ,, forsome and ,suchthat
0]
Proof. For o , we have
2 b b P b b b
2 b b 0 b b b
Therefore, if € s s s s s then
E b b b b b

IV. EXTREME POINTS

The determination of extreme points of a family of
univalent functions enables us to solve many external
problems for .

Theorem 3. Let and

Then, €, ,,,, if and only if it can be expressed in the form

)y )
where, o0and 1
Proof. Suppose that
[
2 2
Then,
I
z J J ) b b )
) 2]]1
2|1 )y
2|11 1
2111
Thus, € s, . Conversely, let
€ , 0 0, . Since
(| 1, 2,
we put PR PR
b , 1
I
and
5)
Then,
%

Corollary 1. The extreme points of
functions f z

m, n, «, B, b, q are the
z and
1p 2,....

|1 p ;el.

f z Z - 7z, j

V. DISTORTION AND COVERING THEOREMS
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Theorem 4. 1ff OT(,n,m, p,q, A,B,[1) , then

rfo. 1 - B 1 rl”’.lf(z)l.
=" By —— " (1),
(o) B ),
I3 - B P
r . . rtf3em0<|zj=r<1),
L —— "1 Bl —— " (1),
() By ),
with equality for
f@ =20 U0 p ror.3em(z = OIr)
1 .0 OO0_10)|ab
B0 O)yOaOmOpOq
O pOq O
(11)
Proof. In Theorem 1, we have
1 O 1
O3.5em(d YOO BaO ' [O)m
OO0 DoapOq O p O

q Dklep

n m

cokOpoolo owopoo  Po

O D:lu 010 pOq OO OOOGOBROO10O
pq 00 OOO)DO0aOOOB.
x pd
Hence

_]_ n _]_ m

STem | f(2) |- rp- s awrk-rp-rip* ak

=1 p =17
lemery- n B i ‘ rip
- 3 -(1-B)(1- Y- (1)
pq : pq :
and
STem | f(2) |- rp-* awrk-rprip® ak
k=lp k=1p
..B
lemerp rip. &*p
a0 O)yOooaOosaO )]
oao)Hopog O pOq O

This completes the proof.

Theorem 5. Any function f JT(L,n,m, p,q, A,B,[1)
maps

the disk | z | < 1 on to a domain that contains the disk

0O B Lw |<10]

i .0 OG0 Gy Ooado

B)10 hOoeO)OpOq O
pOq O

Proof. The proof follows upon letting 711 in Theorem 4.

Theorem 6. 1 f (JT([,n,m, p,q, A, B,[ 1) , then

(OadB

a OO 0Oy
EeImp:)ieim ) a
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N 1 m
aOO)dOpOgq O pOgq
O
OOB 1
1 Oraem(o<|z|=r<y, |fO() |010 O ka z foeda0r O kax
1 1 EU(TE] m D) k=100p k=10p
OO B)@ad )] O 00
B
OohdpO O
aOdpOyq O plUgq O100r
D —_— —
a8 1 OyoHoaTBao 1
with the equality for OO0 ao0mPop O p
Ogq O
=10
O OHOoaaOs@O )] .
OaOmO pOq N pOg O This completes the proof.
Thus VI. NEW SUBCLASSES OF RADII OF STARLIKENESS AND
CONVEXITY
a- —1 ) ! (1- (- —L.) S We calculate the radius of starlikeness of order [ and
p-q p-q . the radius of convexity of order O for functions T([1,n,m,
On the other hand, p.q, A, B,0).
O D. Theorem 7. Let f OT(U,n,m, p,q, A, B,[1]) , then we
| fO(2) |010 B m have
0 O
f as starlike of  order [1,(0 OO< p) in
| z |< r(O,n,m, p,q, A,B,[1,[1]) where
1
Up wpoyoo Yo o kpoyoo Ug Uk pO
r(d, nmpqAB, ys ; ,,00) = inf ;55 pqd OO OaemOOO@O B) 100
O (kOOO B) a
O O
OO oo

Proof. We show that zﬂ%((zz)) DL O p OO(o O O< p) for D o(k (2
ZL(—)'.

P‘- k=1. p ‘ L pla|
Z |kop f(2) a |z
| z |< r(d,n,m, p,q, A, B,1,1) .
We have 10 k
k=10p
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Thus orif

zﬁl]((zz)) D‘p I:lp DD |z Uoomo  tpOogpe

0.18ecmO0.18emO0MO0 R 0o(p00) O.aemoBOoOkOLp

oo
oo
o ODOYOOB) ]
o oif Bno Uo
o(k O)ax| z |«xop (k 010 p). (14)
O ooy O (13)
k=10p
Theorem 8. Let f OT(,n,m, p,q, A, B,[1) , we proof
that
Then by Theorem 1, will be true if f is convex of order O,(o U< p) in
| z |< r.(d,n,m, p,q, A,B,[1,[]1) where n m
(kOp)Oo O (kOp)o
(0OB) 10
pUq
1
(k p0)HOO
O
od
(k U100 p).
T(O,n,m, p,q, A, B,[1) if and only if
pbg
(16)

where,

Journal of Computer Engineering | https://doi.org/10.5281/zenod0.19343743 Page 68



JCE Analyzing Geometric Properties and Neighborhoods in...

and
010 B< A O
f
D,(O,g,mOn) f(2) 100z zOU.
O (17)
(OoB
Therefore, there exists an analytic function u such that or if
00O & Opgo.o .lécm OB ® OpO0.0 .180mDD.1écm(IDD) (pODDOkop (2) =
Dy(U,q,n) f(2)0 Dy(L,g,mOn) f(2)
| z|oooO PHg pOq 0 .1em00 BD,(,q,mOn) f(2)O0D,(0,g,n) f(z) (18)
oo k(k OO)OOB) oo
0o Uo  Hence,
O@ = Du(0gnf @UD(U,gmUn) (2)
BD,(O,q,mOn)f (z2)OOD,(,q,n)f (2)

oo o poo Yoo gopoo Ho

J

= |
O0:.0;,0 |
pOq OO
o000

= - OO0 .pOq 00 DIDDDijZ
<1 ‘

o0 (O p)00 00 O GO pooto

J
]
(O0OB)z O, — o010 pOg OO

O00BOOLO pOq OO0 OF 0004z
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Thus, arn.

: rlf(f‘f’)’lﬁ[ G p)i] 1}4_71 |
j=p|1|_ p+q
U-PA| |4, U-PA
1
+”Zi+ P+q H P+q T }0 ’

Taking | z[F 7, for sufficiently small 7 with 0<r <1, the
denominator of (19) is positive and so it is positive for all 7
with 0 <7 <1, since @(2) is analytic for | Z|<1. Then, the
inequality (19) yields

5 1{1 . (J—p)/l} {{1 LU —p)/’u} _l}aj,,f
p P+q P+q

R

o, me00mogpop000000an

< B)ﬂ’+BZ‘{ LU WT i ‘[ LU p)i] - 0(OpO0. OO, B
P r+q B)[[10]
_ OOooo O pOq OO
Equivalently. OO0 000gr O(00

LU puH B{ G WT " },)}q <y
Pt prq From (16) we have

and (16) follows upon letting r—>1. Conversely, for n m
|z[=r,0<r <1, wehave r/ <r’. Thatis, o O (jO
o . oo oo opooofae
> [1+M} (1—3){1+M} —(1=p)kar
| pq p+q ’ [ ,-,0.00:10 pOg OO 0000010
n pUq OO OO0 2z
Lo pUg boo o0 (Op0o.000 gopoo-o&;
[ ]
N O 0 pUqg OO OOOOO10
oo pOq OO0 01000agr j-pm 0]
(19)
<(O0Od ar
B[ — A

HoaPoloosoooogpoopooo
O-00Y000000mOgpOopg00Oc.

J
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B)z» [ o Solving (22) we get the result.
Noosooiogpoopg oo VIIL CONCLUSION

000 O 0000001030 Opg) 0000 5 The following a.re the special cases of the class

<0 az . 1. , ., ,10= » ,the class introduced by
=m0 O Eker and Seker [5].
2. , ., ,10 = , , the class studied by
Eker and Owa [3].
This proves that 3. 10, , ,1,0 = and 21, , ,10 =
, ,the classes studied by Shams et al.[10].

Dy(0,q;m0 n) f(z) 1002 4. 1,0, ,0,1,0 = * and 2,1, ,0,1,0 =

, the classes suggested by Robertson [7].5.,,,0,1,0 =,
the class studied by Eker and Owa [4].

| , zOU
Dy(U,gn) f(z) 10Bz
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|

which implies,

o (4adB)

;U onia TG0 p1O¢M.-o:00000B)a0
p10¢). 0000000 =00. (22)
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