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Abstract: In this work, we prove a common fixed point theorem of type Jungck under a
generalized definition of weak commutativity and a well-known contractive inequality by
commingling both conditions in the proof. Some open questions are also indicated and
intimately connected (or not?) to the metric to be used.

1. Introduction

In 1976, Jungck [1] introduced the notion of commutativity of two mappings fand h and
utilized the same to prove the existence of a common fixed point. This notion has been
improved by Sessa [2,3] in which he introduced the notion of weak commutativity and
provide a common fixed point results for a pair (f, h) of self-mappings defined on a complete
metric space. Thereafter, Jungck [4] introduced the very useful notion namely compatibility
of mappings and utilized this notion to prove common fixed points for certain mappings. As
a result, several researchers improved the concept of compatibility of mappings by
introducing weaker versions of this concept such as weak compatibility and occasionally
weakly compatibility (cfr., e.g., [5—-10]). In this regard, a flood of common fixed point results
have been offered by various researchers utilizing several types of commutativity of
mappings.

The aim of this paper is to introduce a new generalization of the notion of weak
commutativity by commingling the same with the well-known contractive inequality in the
proof. We utilize our newly introduced notions to prove a common fixed point theorem of type
Jungck. Some open questions are also indicated and intimately connected (or not?) to the
metric to be used.

2. Definitions and General Concepts

Throughout this work, n denotes for a positive integer and R is the set of all real numbers.
We recall some well-known definitions in the metric fixed point theory. Let f and h be
two self-maps of a metric space (X, d). Then C(f; h) := {& € X : f{IR) = h(R)}, i.e., the set of all
coincidence points of fand h.
The pair (f, h) is said to be:

1.  Weakly commuting (wc) [2] if
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d(fR(X)), R(AN))) < d(AR), h(X)) V RE X.

2. Compatible (co) [3] if I {R,} S X satisfying

lim d(f{h(8.)), h(f{&))) = 0 whenever lim f{X,) = lim h(X,) = M for some M € X.

n—ow now N0
3.  Weakly compatible (wco) [4] if

STh(R)) = h(fIR)) v & € C(f; h).
4.  Occasionally weakly compatible (owc) (cfr., e.g., [5—11]) if

FR(R)) = h(IR)) for 8 € Co(f, h) := {& € C(f, h) : AR(R)) = h(AR))}.

Remark 1. The following implications hold:
we == Weo == owc,
but the converse generally does not hold as shown in [6].

The following example (borrowed from [6]) proves that the class of wco maps is a proper
subclass of the class of owc maps.

Example 1. Let X = [0, o) be equipped with the Euclidean metric. Let us define f, h : X -
X by

fIR) =2Rand h(R) =82V R € X.
It is easy to show that C(f, h) = {0,2}. Observe that
fTh(0)) = h(f{0)) and 8 = f(h(2)) 6= h(f(2)) = 16.

Thus, (f, h) is an owc pair but it is neither wco nor wc because d(f(h(R)), h(f(X)))

= |2R2 — 42| = 282> RI8 - 2| = d(f(R), h(R)), V&> 2,
Remark 2. In [6] the authors proved that in the setting of a discrete metric spaces the pair
(f, h) is we iff it is wco.

Now, we introduce a new definition as follows:

Definition 1. The pair (f, h) is said to be generally weakly commuting (gwc) if
d(f(h(X)), h(f(§8))) < max{d(f(R), h(R)), d(fTh(X)), h(R)), d(h(fX)), fAR))}

forallR € X.
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In the following proposition, we prove that in the setting of discrete metric spaces owc implies
gwc.

Proposition 1. Let (X, d) be a discrete metric space and (f, h) a non-trivial owc pair defined
on X. Then (f, h) is also a gwc pair.

Proof. Given that (f, h) is a non-trivial owc pair defined on X, so Co(f, h) 6= . Observe that
for any ® € Co(f, h) we have d(fR), h(X)) = d(f(h(R)), h(AAR))) = 0. Now, if X is not in Co(f; h),
but X is in C(f, h), then f{h(X)) 6= h(f(X)) and AAX) = h(X). Hence, d(f{h(R)), h(f(X))) = 1 and
d(f(R), h(R)) = 0. So, on using triangular inequality, we have

1 = d(flh(X)), h(f(R))) < d(f(h(X)), k(X)) + d(h(X), h(f(X)))
which implies that either d(f(h(X)), h(X)) = 1 or d(h(X), h(f(X))) = 1, hence
1 < max{d(f(A(X)), h(X)), d(h(X), h(f(X))),0} = 1.
If X is not in C(f, h), then
fIR) 6= A(R), i.e., d(X), A(X)) = 1,

and either f(h(R)) = h(AR), i.e., dFA(X)), R(AR))) = O,
or d(fh(R)), h(fX))) = 1, i.e., f(A(R)) 6= h(AK).

In the both cases, we have
d(f(h(®)), h(f(8))) s max{1, d(f(h(X)), R(R)), d(h(AAR)), KD} = 1.
Therefore, (f, h) is a gwce pair. O
Remark 3. If C(f, h) = @, and hence Co(f, h) = @, then (f, h) is trivially a gwc pair.
The following example is fitting to Definition 1.

Example 2. Let X = [0, ) be equipped with the discrete metric. Define f and h as in
Example 1. So (f, h) is an owc pair because Co(f, h) = {0}. Notice that

d(f(2), h(2)) = 0 <1 =d(f(h(2)), h(f(2))),

i.e., the pair (f, h) is not a wc pair.
Since f{h(R)) = 282, h(AR) = 4X82for any X € X, we have:

« forxeX- {0,2},
1= d(f(h(x)), h(ﬂx))) = maX{d(f(N), h(x))y d(f(h(x))y h(x))a d(h(ﬂx))xf(x))} = maX{l,l,l}a
e forX=2

1= d(f(h(2))7 h(f(2)) = max{d(ﬂ2), h(2))7 d(f(h(2))’ h(2))7 d(h(ﬂ2))7ﬂ2))} = maX{O,l,l},
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e forX=o,

o0 = d(f(h(0)), h(f(0))) = max{d(f(0), h(0)), d(f(h(0)), h(0)), d(h(f(0)), [0))} = max{0,0,0}.

Hence, (f, h) is a gwc pair.
Observe that if d is the Euclidean metric, we have
d(fTh(X)), h(f(R))) = 2Rz,

d(fth(X)), h(R)) = &2,
d(h(f(R)), X)) = 3%z,
d(fiR), h(X)) = |8 —
]
Thus, (f, h) is also gwc since

282 < 382 < max{|N2— 2X][,382, K2} for any 8 € X.

Question 1. Besides the discrete metric, under which other metrics, semi-metrics, b-
metrics, ..., we can guarantee the equivalence between the concepts of owc and gwe? Either
these concepts prescind from the metric used or they are strongly dependent from the metric
in accordance to the problem under exam?

We explicitly observe that the following theorem holds:

Theorem 1. [3] Let f and h be two continuous self-maps of a metric space (X, d). If fis a
proper map

(i.e., £ 1(C) is compact subset of X whenever C is compact subset of X), then (f, h) is a co pair
iff it is an owc pair.

In favour of this result, we give the following example:

Example 3. Let X =R be equipped with the Euclidean metric. Define f and h by

SAIR) =X2and h(X) = 83— X for any X €R.

It is not difficult to verify that both f and h are proper. Solving the equation ¥(X2— 1) =
X2, one deduces that
1+v5 1-5
M ={0—5= 5}
Notice that HTJS and 1%6 are the opposite of the negative and positive golden ratios,
respectively, and

=00 1(155) =b(155) =355

Observe that

STh(R)) = 86+ X2 — 284 = N6 — N2= h(f]R)) = K€ {-1,0,1}.
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Hence, Co(f, h) = {0}. Therefore, (f, h) is an owc pair. Notice that it is possible to consider
infinite sequences {X,} converging to o (among the others, X, = 0 _for any n) such that
@0 oo oo |82 — 1] = 00 1im fiR,) = lim A(R,) = lim
d(fTh(Rn)), h(f(Xx))) = lim 2K2
3. A Commingle Inside a Common Fixed Point Theorem
To establish a priori that C(f, h) 6= ¢ or Co(f, h) 6= ¢ is a wishful thinking (sometimes
directly unrealistic) because it could be difficult to solve the equation f{h(X)) = h((R)) ex
abrupt from which to obtain f{lk) = h(X) necessarily. Instead to verify a general weak
commutativity concept under a metric in an adequate environment (such as a metric space
or a Banach space, ...) could be more easy
when one tries to theorize common fixed point theorems of type Jungck [1] for related
applications. An example of theorem is given in the sequel by strengthening slightly the above
definition of gme, practically showing as a commingle between the contractive condition of

type Jungck and a certain definition of type gmc can imply the existence of common fixed
points for a pair (f, h).

First of all, we strength a little bit the previous definition of gmc with the following:

Definition 2. The pair (f, h) is called quasi-generally weakly commuting (qgwc) if

S R(F(R))) < d(f(R), h(R)) + %maX{d(f(h(N)),h(N)),d(h(f(N)),f(N})}

b

forallR € X.

Then the following theorem holds:

Theorem 2. Let (f, h) be a qgwc pair of self-maps of a metric space (X, d). Assume that C(f,
h) 6= ,and there exists a constant k < 1 such that

d(fx), fAM)) < kd(h(X), h(M)) for all ®,M € X.

Then Co(f, h) 6= yand f, h have a unique common fixed point.

Proof. Let 8 € C(f, h), then the next inequalities are a commingle between the qgwe property
and the contractive condition. Indeed, we have

d(fth(®)), h(R)) = d(fIfIX)), AIR)) < kd(h(AIR)), h(R)) = kd(h(fX)), AX))

and hence (by qgwc property)

k
d(fTth(R)), h(f1R))) < 0+ _d(h(f(X)), /(X)) 2

which implies (by triangular inequality)

2d(f(h(R)), h(f(8))) < kd(h(f(R)), AN)) < k(d(h(f(X)), fIh(X))) + d(AR), fh(X))) and
then

(2= Kd(f(h(R®), h(fiv))) < kd(f(R), fR(X))) = kd(h(R), fTh(X)))
< ked(h(fIX)), X))
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= k(d(h(f(R)), fTR(X))) + d(f(R), fTR(R)))
which implies
(2 = k = k2d(R(X)), h(AR))) < k=d(fX), fTR(K))).

Thus, iterating we have that

@2- k= ko= ... = kDd(fTA(R)), h(AR))) < knd(AR), fACR))),

that is
B= (1 + k+k2+ ... + k))d(fTh(R)), h(fIR))) < knd(AAR), fTh(R))),

that is
k) d(FCR(R nd(AR), fTh(R))).

(3— 1 —_

), h(f(x))) < k
1-k

By putting n — o, finally we have
(3~ T )A(F(R(R)), AF(R)) = 0.
Then f{h(R)) = h(f(X)) = h(h(X)) = fIA(X))
and hence 8 € Cy(f, h). Moreover,
d(f(f(R)), fIR)) < kd(h(fIX)), h(R)) = kd(AX)), AR)),

therefore z = fX is a fixed point of f. Furthermore,

h(z) = h(f(X)) = (X)) = f(z) =z
and thus z is the common fixed point of f and h. Now, if w is another common fixed point,
then d(z, w) = d(f(z), Aw)) < kd(h(z), h(w)) = kd(z, w), which implies z = w.O

Question 2. It is an open question to establish that Theorem 2 holds under the above
concept of gmc pair.

We illustrate Theorem 2 with the following example.

Example 4. Let X = [1, ) be endowed with the Euclidean metric. Define f and h as

W = R+2
f( 3 and h(R) = R2forall X € X.

We have that

1

1 1
“[(N+2)—M+2)| =z N—M < = IR—M||N+M
3I0N2) (4 2) = SR < G N m

1
gf R F) = ZdRAM) £ e x

Furthermore, C(f, h) = {1}. Observe that
O N24+2 0 (R42)2 0 2NZ—4R+4+2 2
g A(fR)) = [—— - —5—[ =] 9 |—§(N—1)2,

ie.,
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X2 2 2
G (R))h(R)) = == — 3 = (X2~ 1},

M), £) = |N2+4N+94—3N—6\ _ (N2+9N—2) _ %(N—l)(NJrZ)

and

L BR2-R-2]  [3R2—-R—-2| (R—1)(3R+2)
S AR)) = 3 = 3 = 3

for® > 1. So, we have (for % > 1)

(RF), | = 2(R=1)2 < 32 —1)
12
= 538 -1)
= SAF), ()
< 5 max{d(F(h(R), h(R)), d(A(F(N)), F(R)))
d

Also, we have (for 8 > 1)

1< REDER+2)

O N

M), f(h(R)))] = = d(f(R), h(®))

Therefore, f, h are also wc. Then, all the assumptions of Theorem 2 are satisfied. Hence,
Co(f, h) = {1} which is the unique common fixed point of f and h.

The next example is more instructive.

Example 5. Let X = {0} U [4, ) and fX = X2and hRX = 83 — X (c¢fr. Example 3). Then (for
2A=<N)

d(fh(R)), h(f(R))) = 284 - 282 > R(R2 — 1 — R) = d(AR), h(X))

because the following implications hold ( for 4 < X):

2 1.
No1-X N3—§>N2—%,2N3—N>N2—1

2% 2R > R(RZ - TR), 8 R > > 5

Hence, f and h are not wc but they are ggwc as (for all R € X)

(F(h(R)),h(f(R))) = 28*—2n?
Né — 282
2
d(f(h(R)), h(R))
2

% max{d(f(h(R)),h(R)),d(h(f(R)), F(R))}

<

IA
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because the following implications hold (for all X € X)

N6 — 2n?

42 -
N N < 1

AR AN < N0 2RZ AN? 4 <Nt 2, AN <Nt 42

The contractive condition of Theorem 2 is verified. Indeed, we assume 4 < X <M without
loss of generality. Being 1 £ XM and X2+ M2 — 1 > 0, we have that
N2 4+ 3N2M  3NM2 M2 — 1

(N+M)SNM(N+M)S%+N2M+NMZS :
and hence
d(f(R), fIM)) = (82 - M2) < (X3 - M3) - 8 - M = d(h(HARMPp———
3 3

Moreover, for X = 0 and 4 < M we have that

L, MM d(h(R),h(M))
A, fl) =32 < T = T

Of course 0 is the unique common fixed point of f and h. Note that in this case we have
that C(f, h) = Co(f, h) = {0}.

At this point fixed point theorems of type Jungck [1] to be established and deduced from
Theorem 2 have right of citizenship in the worldwide and sparse literature of metrical fixed
point theory.

4. Conclusions

We show that the contractive condition and the general weak commutativity definition
can be combined together for assuring a common fixed point theorem and we have
illustrated this in Theorem 2 in the simplest possible manner (with a Banach type inequality)
by leaving to the readers any feasible generalization. Any replies (even if partial) to the two
above open questions are also welcome.
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