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Abstract: The main purpose of this manuscript is to show asymptotic properties of a class of

; .
differential equations with variable coefficients (r ) @" ) ﬁ) + E{:] 9i (V) " (8i (v)) :O, where
v=wand w (v) =y (v) + p (v) ¥y (6(v)). By using integral averaging technique, we get conditions to
ensure oscillation of solutions of this equation. The obtained results improve and generalize the
earlier ones; finally an example is given to illustrate the criteria.
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1. Introduction

In this paper, we study the oscillatory properties of solutions of the following fourth-order neutral
differential equation
]

n oo\ B !
(r " W)+ K)o =0, v200,1) i1
wherej = 1land w(v) =y (v)+p (V) y (c(v)).
From now on we make the following assumptions:

e  fand k are quotient of odd positive integers;
e 1€ Clw, ), r(,)>0,7() =0 and under the condition
/ r /P (s)ds = o

v )

0

()
s P, g€ Clw, ©), gi(v)>0,0<p()<po<l1,i=12,.,j;

e 0,5 €Clw,x),cv)<v, gv)<v, Pli_I;];lGO'(V) = Uli_r)gogf (V) =00, i “1200)

Here we present some preliminary definitions that will clarify the terms used throughout the paper.

Definition 1. The function y € C*[,y, ), ,=., =, is said to be a solution of (1), if r (L)(W*? () €
C'[,y, ), and y () satisfies (1) on [y, o).
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Definition 2. 4 solution of (1) is said to be oscillatory if it has arbitrarily large zeros on [,y,).
Otherwise, a solution that is not oscillatory is said to be nonoscillatory.

Definition 3. The equation (1) is said to be oscillatory if every solution of it is oscillatory.
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Definition 4. A differential equation is said to be neutral if the highest-order derivative of the unknown
function appears both with and without delay.

Definition 5. Let

D={(,,s) ER*:,> 5 =0} and Do= {(,, s) ER?: ,> 5 =,0}.
A kernel function H; € C (D,R) is said to belong to the function class = if, fori=1,2
(i) Hi(v,s)=0for v>v0, Hi(v,s) >0, (v,s) € Dy;

(i) oHilss exists on Do and it is continuous and non-positive. Moreover, there exist three functions
& 7€ C'([w, o), (0, o)) and h;€ C (Do,R) such that

?s) 1(v,8) =hy (v,s) Hf/(‘gH) (v,s)
4 ¢
_OS Hl (v,s)+_E(s)H 3)
and
0(s) q

a T

_H(v,9)+ —_H(v,s)=h(v,s) H2(v,s). 4)
as T (s)

The historical background of neutral differential equations is extremely varied. In fact, they find
numerous applications in natural science but also in technology: in the study of distributed networks
containing lossless transmission lines, in high-speed computers, in the theory of automatic control and
in aeromechanical systems (see [1]). In last years, the asymptotic properties of solutions of differential
equations has been the subject of intensive study (see [1-34]). The model of human balancing is
considered in [21-23] where results on stability are presented.

Furthermore, many researchers investigate regularity and existence properties of solutions to
partial differential equations. See for instance [11,24-27] and the references therein. Also, we mention
the study of the exact solutions to partial differential equations performed with a Lie symmetry
analysis. A recent result in this direction is represented by [9] where the authors study a modified
Schrodinger equation.

Interesting applications of neutral differential equations can be found in the study of the effects
of vibrating systems fixed to an elastic bar, for example the Euler equations of the fluid dynamics (see
the recent paper [10]).

In [28], the author obtained the necessary and sufficient conditions under which a general fourth-
order ordinary differential equation admits a unique Lagrangian. Nevertheless, there exist examples
of fourth-order ordinary differential equations which do not have a second-order Lagrangian.

Many papers have been concerned to the solution of the inverse problem of calculus of variations,
namely finding a Lagrangian of differential equations. Also, the use of the Jacobi last multiplier and
its connection with Lie theory, in order to find the Lagrangian for ordinary differential equations, can
be found in [29].

Now we state some preliminary and interesting results related to the contents of this paper. Zafer
[33], Zhang and Yan [35] studied the equation
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W (W) +q () y(g(1)=0 )

where 7 is even and established some new sufficient conditions for oscillation.
Theorem 1 ([33]). Let n = 2 such that

lim sup ' 0 (s)ds > (n—1)20-D=2)
voeo Jg(v) ,

or
v _ (n—1)(n-2)
lim inf (s)ds > (n-1)2
v Jo(w) e ©6)

2

where ¢(y) = g”_l 1 = p(g() q (), then every solution of (5) is oscillatory.

Theorem 2 ([35]). Let 0 < p () <po< l and n = 2 such that

v — !
lim inf 0(s)ds > (n—1)t

Ve Jg(v) , @)
or . v
limsup 0(s)ds>(n—-1) ,
v—reo (V) "

where ¢(v) = g"_1 N1 = p(g() q (), then every solution of (5) is oscillatory.

Now, we consider the equation

(y(v) + %y (%-y))(w) + z—gy (1%1/) =0, v 21' ®)

By applying condition (6), we find

By applying condition (7), we find

.. v 9 3q01 go [ 9 3

ReRE-

Thus, we get that (8) is oscillatory if

The (6) (7
condition

The qo > 1 qo >
criterion 1839.2 59.5

From above, we see that [35] enriched the results in [33].

Thus, the motivation in studying this paper is to extend the already interesting and pioneer results
in [33,35]. By using integral averaging technique, new oscillatory criteria for (1) are established.
Furthermore, in order to illustrate the criteria presented here, an example is given.

The following lemmas will be very useful:
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Lemma 1 ([3], Lemma 2.2.3). Let y € C" ([0, ) , (0, )) . Assume that ' (,) is of fixed sign and
not identically zero on [y, ©) and that there exists a 1 = vosuch that "2 (,) Y (,) < 0 for all ,>
o1 If lim,_00 y (v) 6= 0, then for every u€ (0,1) there exists v, >vi such that

(v,) > [ -1 |y(n—1) {v}’

y (n—1)! Jorvzv,.
Lemma 2 ([16], Lemma 1.2). If the function y satisfies y* (,) > 0,i=0,1,..., n, and YV (;) < 0, then
y (v ¥ (v)

va/n! = vwn=1/ (n — 1)1.

Lemma 3 ([12], Lemma 1.1). Let g be a ratio of two odd numbers, V> 0 and U are constants. Then
i Up+1

Uy
Vg

e < P
TS (e

Lemma 4 ([31], Lemma 1.2). Assume that y is an eventually positive solution of (1). Then, there exist
two possible cases:

(Ny) 2/ (v) > 0, @ (v) > 0, w” (v) > 0, w (1) <0, (r(v) (@" (1)F) <

Case 0,

CuseN2) 10 (V) > 0, 0" (v) < 0, w" (v) > 0, w® (1) <0, (r(v) (" (y))ﬁ)’ <

b

for v=vi, where vi 2o is sufficiently large.

2. Oscillation Criteria For

convenience, we denote

) 3k
() = W)Y a1 o)A (“)) s

00 o cra \ VP
o) = -p)Prw) Ay ) [ (r(lu)f Em)g‘sﬁb)ds) du

and

S2 (v) = Bul 2r1/B (WELR (v).

Lemma 5. Let y is an eventually positive solution of (1). Then

(r (v) (w’”(V))ﬁ) =7 ) (@ (& ()", ©)

where j g;.
i=1

Proof. Let y be an eventually positive solution of (1) on [vo, ). Since a(v) <v, w’(v) > 0 and
from
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the definition of w, we get

w () = p )y (a()

y (v)
=2 w) — poy(a(v))
=2 w() = pow (a(v))
2 (1=pyw(),
which with (1) gives

(r(v}( w"” (v)) )+qu(v)(1 P W (g(v) <0.  (10) i=1

Using Lemma 1, we see that

Wz
" (v) = grw (v ) (11
Combining (10) and (11), we find

m £\’ / kK (H 3 K
(r@) @" @)P) + L a: ) = po)" (B2 ) 100 (81 (1)) <0,
=1 6
Thus, (9) holds. This completes the proof. O

Lemma 6. Assume that y is an eventually positive solution of (1) and

B RS L SN Sy S —
¢ (v) 2r1/P (v) ¢16 (v) , if w satisfies (N}) (12)
and
v, if w satisfies (N2) , (13)
where
r (MW 1)y
pyv) =¢v) — (14)
w (v)
and
W (v)
v (v)=r(v) ,v2vl. (15) w(v)

Proof. Let y be an eventually positive solution of (1) on [vo, ). It follows from Lemma 4
that there exist two possible cases (N) and (N,).
Let Case (N)) holds. Using the definition of y(v), we see that w(v) > 0 for v=>v;, and using (10),

we obtain
wk (g
Kk i ) —=pE (v —— r
& (v) (V)(W+1000((v))B w0 (v) . (16)
P (v) < = qu ) (1= po)
EW =1 W) w’ V)

V

From Lemma 2, we have that w (v) > 5w’ (v ), and hence,
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w (gi() _gw
= 3. (17) w (v)
v
It follows from Lemma 1 that
’ M1 o
)= P @) ’
(18)
for all u; € (0,1) and every sufficiently large v. Thus, by (16)—(18), we get
! 3Kk
) < CW, @ - ) (202)
"P ( ) = @’(u) Eq ( PO ( ) v
i .
gl Y
Since w° (v) > 0, there exist a v, >v; and a constant 4; > 0 such that
w(v) > 4. (19)

Thus, we obtain

(v i . 3k
o) < S -0 L -yt (50)

¢(v) = v
v? ﬁ‘}rl
PRI M
which yields
/ 2 +1
V0 S S0 =51 0) e )
Thus, (12) holds.

Assume that Case (N») holds. Integrating (10) from v to u, we obtain

Zuj
7 (u) w00 (1))P =1 (v) (" ()P < - Y ¢ (s) (1 — poy w” (ei(s)) ds. (20)

vi=1

From Lemma 2, we get that w (v) =ww’(v), and hence,

(5 2 8 ) -

For (20), letting u —~ and using ( 1), we get

V)P —po)* w* (v : K()
()7 = (1= po)"w (v) [% ©

ool

r (v) w0

Integrating this inequality again from ,£to oo, we get

o (v [ B 0)

w?(v) <—(1 = po )x/ﬂ Wx/ﬂ (22)
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From the definition of v (v), we see that v (v) > 0 for v=vy, and using (19) and (22), we find

e 0o J K 1/
-~ )P )P () (% [ Lo (S)ds> d
u.

< i=1
Since w°(v) > 0, there exist a v, >v; and a constant 4> > 0 such that

w(v) > A,. (23)

Thus, we obtain
V.

Thus, (13) holds. This completes the proof. O

Theorem 3. Let (28) holds. If there exist positive functions ¢, € C' ([, ©) ,R) such that
!

1 v Bt (v,s) HF (v,5) 2Br (s) & (s)
lim H 15) S (s) — 1 . 1 (v, _
(24) SUp pp (v,17) jﬁ ( 1(v,8)51(s) T (Flsz)ﬁ
v ds = oo
forall u> € (0,1) , and
m v hz ’
liuqsogpm./]ﬁ (Hz (v,s)¢(s) — 7[(5)42(1/5) !
- (25)

then (1) is oscillatory.

Proof. Let y be a non-oscillatory solution of (1) on [vy, ). Without loss of generality,
we can assume that y is eventually positive. It follows from Lemma 4 that there exist two
possible cases (N;) and (N>).

Assume that (N) holds. From Lemma 6, we get that (12) holds. Multiplying (12) by H (v, s) and

integrating the resulting inequality from v; to v, we find that

< peH e+ [ (EH 09+ 5w ) pe)

/

[ H w55 6) L "5y (s) Hy (v,5) 9T (5)ds. .

From (3), we get

"Hy (v,5) 81 (5) 2 ) pds < p(vl) H
W)+ )" (v, s)p(s) ds

vl
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[ S w9y (s o6

Using Lemma 3 with V'= 8, (s) Hi (v, s) , U= hi (v, s) H”?™ (v, s) and y = y(s), we get

i (0,5 HE BV (1,) 9 (5) = S5 (5) H (v,9) 9’7 (s)
h'fﬂ (v,s) Hf (v,s) 2Py (v) €& (v)

(B+1)F (u1v2)P
which with (26) gives
. (Hy(v,5) 81 () - W (w,5) HY (v,5) 2Pr(s) E(s)
1(v,n1) Jy ' (B+ 1)ﬁ+1 (]«I]SZ)‘B
ds <w(vl),H

which contradicts (24).
Assume that (N,) holds. From Lemma 6, we get that (13) holds. Multiplying (13) by H> (v, s) and
integrating the resulting inequality from v; to v, we obtain

v ) ds < v(vl) H(v,v])
(2 i (S)Hg (v,s)) @ (s)

[ﬁMmm@$<mmmmm+ﬁmwamem@$

S SV

LCJQHAMQW%

s)
ds
s)h3 (v,s)

Vﬂ:(
H: ’
< V(Vl) 2 (v V1)+/V1 1 i

and so 2

1 v m (s)hs (v,s)

o) fw (Hz (1,5)p(s) - 2 ) ds < @ (1) |
H

which contradicts (25). This completes the proof. O
Corollary 1. Assume that (28) holds. If there exist
positive functions ¢, » € /°° (51 (s) — 2P r(s) (& (S))‘BH C' ([, ) ,R) such that

L (B+1P b (s) !

ds = o (27)

and
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ds = oo, (28)
for some u; € (0,1), then (1) is oscillatory.

Example 1. Consider the equation

!
(v v+ poy (@))") + By (ev) =0, v > 9)

where po€ [0,1) , a,e € (0,1) and go> 0. We note that f=x=1,r (v) = v, p (v) = po, 6(v) = av, g

(v) = evand q (v) = qo/V*. Hence, if we set & (s) := v and m (v) :=V?, then we have

_ 3 _
Sl (v) = qo (1 UPU)e , (P(V) _ qo (14UPU)€

Thus, (27) and (28) become

e 2 @ e L o (d-p)e 2
-/l’n (S1 ) (B+ 1)1 ‘unfSZ,B(:,B (s) ds = /l’o ( 5 Ms)ds

and

[ (00 G Yaom [ (B0 L)

Therefore, the conditions become
2
P —
g (—po)é (30)
and

1(]0>

(1 — poe
Thus, by using Corollary 1, Equation (29) is oscillatory if (30) holds.
Remark 1. When taking po= e = 1/2 and a = 1/3, then condition (30) will become qo > 32.

Now, we compare our result with the earlier ones. By applying condition (6) in [33], we get

g 6
iming [ 101gs — %0 B2
llﬂg{f 1 24sdsf o In2 > .

b

and we find
qo> 16304

By applying condition (7) in [35], we get

Zv 01 g0 6 liminf ds = In2 >

-

V—00 %—u 24 S 24 e

and we find
qo> 51

Therefore, our result improves the results contained in [33,35].
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Remark 2. By applying condition (30) in Equation (8), we find

Jyg (ﬁ -+ 1)'6+1 ;Ifszv&gﬁ (5) ds

Ia (9)3%9 |

W 10/ 25 2us ds
_ 9\ g 9

o ()

_ds
10 2 2ul  ves

and we get
qo> 12.34.

Therefore, our result improves the results contained in [33,35].

Example 2. Consider the equation

L (LN L (1)
v)+ syl sV + Syl lzv)=0,v=>
(y( )3 (2 )) A\ 3 1, (31)

where qo> 0. Let B=x=1,r (v)=1,p (v) = 1/3, 6(v) = v/2, g (v) = v/3 and q (v) = qo*. Hence, if we

set & (s) :=Vvand m (v) := v, then we have
Sl (v) =3—24¢.", p(v) =3__
q3°y. Thus, (27) and (28) become

N 2 @) (2 P
]L'a 2 (S] ®) (B+ 1)ﬁ+1 }tfszﬁé‘ﬁ (s) ds = -/v;, (345 2y15)ds

and

“ (s (T () (- L)as
/VO (4) (5) 47 (s) ds = w \3s 4s ds
Therefore, the conditions become qo> 182.25

and qo> 6.75.
Thus, by using Corollary 1, Equation (31) is oscillatory if qo > 182.25.

3. Conclusions

This paper deals with a class of fourth-order neutral differential equations with variable
coefficients. Using the famous Riccati’s transformation, we establish a new asymptotic criterion that
improves and complements the findings contained in [33,35]. Moreover, we get Philos type oscillation
criteria to ensure oscillation of solutions of the Equation (1). Furthermore, in a future work we will
get some oscillation criteria for (1) under the condition
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