Computer Engineering Volume 13 | Issue 5 | Year 2024

ISSN: 10003428 https://journalofcomputerengineering.com/

Investigation of Numerical Robustness and Dispersion Characteristics
in Partition of Unity Finite Element Method for Helmholtz Equation
Solutions

Maria J. Rodriguez-Alvarez, Sofia M. Sanchez-Castro

Department of Mathematical Sciences, University of Cantabria, Santander, Spain; Department of Applied
Mathematics, Instituto de Matematicas de la Universidad de Salamanca, Salamanca, Spain

Abstract

The Partition of Unity Finite Element Method (PUFEM) has been widely used for the numerical
simulation of the Helmholtz equation in different physical settings. In fact, it is a numerical
pollution-free alternative method to the classical piecewise polynomial-based finite element
methods. Taking into account a plane wave enrichment of the piecewise linear finite element
method, the main goal of this work is focused on the derivation of the numerical dispersion
relation and the robustness analysis of the PUFEM discretization when a spurious perturbation is
presented in the wave number value used in the enrichment definition. From the one-
dimensional Helmholtz equation, the discrete wave number is estimated based on a Bloch’s wave
analysis and a priori error estimates are computed explicitly in terms of the mesh size, the wave
number, and the perturbation value.

Keywords: Partition of unity finite element method; Discrete dispersion relation; robustness
analysis

1. Introduction

The accurate numerical simulation of time-harmonic wave propagation phenomena has been
one of the most challenging goals over the last decades [16, 29] due to the oscillating behavior
of the related solutions at the middle and high-frequency regime. In fact, the Helmholtz equation
represents the prototypical model of this kind of phenomena arising in different fields such as
acoustics [10], electromagnetics [3], mechanics [19], or hydrodynamics [14], among many others.

The numerical simulation of the Helmholtz’s like models can be performed by means of
finitedifference methods [34], spectral methods [33], boundary element methods [24] or finite
element methods [17, 18, 37] (both in h and hp-versions). Any of these methods suffer at some
extent of the so-called phenomenon of numerical pollution [5], which corrupts the accuracy of
these numerical methods when the wave number value is high, or the points per wavelength
used in the discretization are not enough to guarantee that the asymptotic regime of the
expected theoretical convergence is reached.

In the particular case of standard polynomial-based Galerkin approximations when they are
applied to Helmholtz’s like equations, there exist a variety of numerical methods which explicitly
use particular solutions of the Helmholtz model such as [4, 7, 21, 36] to modify the discrete space
including on it oscillatory functions such as plane waves. Among this type of so-called
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pollutionfree methods, the Partition of the Unity Finite Element Method [26] has been utilized in
a wide variety of time-harmonic wave propagation problems (see for instance, [15, 20, 23]).

The computational advantages of the PUFEM method have been illustrated numerically by
using different enrichment procedures (see, e.g. [25]) as well as its ill-conditioned behavior for
low values of the wave number or for using a refined mesh as a partition of unity (see for instance
[27, 38] among others). Despite these detailed numerical studies, the theoretical analysis of this
partition of unity methods has been only developed partially. More precisely, after the PUFEM
method was introduced in the middle nineties, some a priori error estimates where obtained [25]
and later, related to Vekua’s theory, plane wave approximations have been analyzed in [28], all
of them without an explicit treatment of the error estimates in terms of the wave number value.

All these previous studies have been mainly based on the fact that a constant wave number
value is a priori known without the presence of any spurious errors. However, if either
heterogeneous materials are considered or uncertainties are assumed in the data of the
Helmholtz model, then the wave number value could contain a perturbation error, which would
affect the accuracy of the enrichment used to define the PUFEM method. For instance, this case
is relevant in the structural analysis of three-dimensional trusses or framed structures [30], where
the elastic properties of each beam component suffer spatial variations due to the aging
processes of the materials.

As far as the author’s knowledge goes, there is not any theoretical study of the PUFEM
method (and, in general, for any other enriched pollution-free methods), where an error analysis
is provided when the enriched functions present spurious perturbations in their definition.
Consequently, the present work represents a stepping stone to the full analysis of the PUFEM
method in higher dimensions.

In summary, in the present work, the plane wave enrichment of the PUFEM method is
introduced by assuming a spurious perturbation error on the wave number value for the one-
dimensional Helmholtz equation. In this setting, once the discrete Green function associated with
the PUFEM discrete problem is computed explicitly, the discrete dispersion relation is obtained.
The robustness of the PUFEM method is studied by deriving error estimates expressed explicitly
in terms of the mesh size, the wave number, and the perturbation value. With this purpose, a
global interpolation procedure (based on a pre-asymptotic interpolation-like operator and a P2-
polynomial based interpolant) for highly-oscillatory functions and a partial orthogonalization of
the discrete space (which splits the PUFEM discrete space between vertex-value functions and
twin-bubble functions) has been derived.

The structure of this manuscript is organized as follows: The one-dimensional Helmholtz
boundary-value problem with Dirichlet and Robin boundary conditions is described in Section 2,
as well as its variational formulation and the associated inf-sup condition. The PUFEM
discretization is discussed in detail in Section 3. Then, a discrete inf-sup condition is proved (based
on a global condensation procedure and the study of the discrete dispersion relation), and the
existence and uniqueness of the discrete solution and its stability with respect to the boundary
data are obtained in Section 4. An error estimate for the PUFEM is deduced in Section 7. Finally,
some numerical results are presented in Section 8. The extension of the proposed analysis to
higher dimensions and the conclusions are included in Sections 9 and 10, respectively. The
interpolation estimates for the PUFEM discrete space in Appendix A.
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2. Model problem

The time-harmonic wave propagation in isotropic homogeneous compressible media is
modeled linearly by means of the Helmholtz equation. Throughout this work, a one-dimensional
model will be studied. Without loss of generality, the computational domain is considered as the
interval (0,1) (otherwise, a change of scale could be performed to transform the domain into the
unit interval). Analogously to the model problem used in [17] for the FEM analysis, the following
boundary-value problem is analyzed:

—u00 —k2u f in(01),

2@ u(0) 2z = uw,  (u

u%(1)-iku(1) =
where u and f are complex-valued functions. The source term f is assumed to be independent of
k. The boundary data uo,u1 € C and the wave number k > 0 are constant. From an acoustic point
of view, u could be understood as the complex-valued time-harmonic amplitude of the pressure
field in a compressible fluid at a fixed wave number k.

Since a Dirichlet boundary condition is assumed at x=0 and a complex-valued Robin condition
is imposed at x = 1, it is straightforward to check that the model problem has a unique solution.
Also, the boundary data ugand uican be considered null without loss of generality (otherwise, a
lift by a smooth function could be used to translate the solution). Hence, the solution will belong

to the space
V:{veHWQn;wmzo}:H@mjl

and so the variational formulation of problem (1) with homogeneous boundary conditions can
be written as follows:
2(0,1), find u € V such that Given f€ L
Z1 VVEYV, (2)

mBk(uv)-iku(1)v (1) =  f(x)v (x)dx
0

where the sesquilinear form Bi: VxV — Cis defined by

I
! —/ 2 =

Bk(u,v) [) (u (x)7 (x) — kZu(x)v(x)) dx’ wvEV. a)
The inf-sup condition on the sesquilinear form (u,v) 7= Bi(u,v)-ik(1)u(1)v (1) ensures the
existence and uniqueness of solution for problem (2) and the continuous dependence with
respect to the data. It can even be shown that this condition can be obtained explicitly in terms
of the wave number k (see [17]). Then, it holds the stability estimate |u|1 < Ck(||f]|o +|u1]), being
C >0 a constant independent on k.

3. PUFEM discrete problem

Following [26]: the PUFEM technique is introduced as a Galerkin method where the basis is
obtained by multiplying Finite Element (FE) functions by some oscillatory terms, acting at a
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frequency close to the expected frequency in the solution of the problem. Then, as a first key
component, an equispaced mesh is considered, this is,

Th={xj=hj:j=0,..n}c[01], (4)

consisting of n+1 nodes with mesh size h = 1/n, and its related standard Lagrange P1FE basis. For
the second key component in the PUFEM discretization (see [25, 31]), plane wave solutions of
the homogeneous Helmholtz equation will be used. However, in the present work, instead of
working with exact solutions of the Helmholtz equation (which would not be known in closed-
form for time-harmonic problems with spatially dependent wave numbers), an additional
perturbation parameter 6 is introduced in these functions, in order to reproduce a lack of
knowledge on the exact solutions. Hence, the perturbed plane waves used to describe the PUFEM

discrete space are e'k+®*and ¢~(k+8)X, Consequently, the discrete functions are given by
— _ . + _ .
W () =95 (%) _itens)pmn, Wi () = 0506, i) e for j=0,..,n,

where {¢;}"j=0 are the canonical basis functions of the Pi-Lagrange FE discrete space. So, the
functional spaces are defined by

x, = {¥iVioUlvlYio) (5)

_ _ 1
Vi = {vh€E€Xp; Vh(O) =0} =X,N H(O(O' 1). (6)

In this manner, the discrete PUFEM approximation, us, is defined as the solution of the following
linear problem:

GivenfE L2(0,1), find un € Vhsuch that
Z1 f(x)v n(x)dx VVh € V. (7)

@Bk(un vh)—ikun(1)va(1) =

3.1. Trigonometric discrete basis
The exponential terms in V can be split and rewritten, for any v, € Xp,

(V05 0) cos((k+-8) (v —x7)) + v} () sin((k + 8) (x — x,)

n

va(x) = D, (8)

J=0

where v, VP € C. As it is usual in a finite element framework, the description of the finite
element discrete space is made by means of the writing the discrete functions in terms of the
local expressions in the element of reference. Taking into account the affine transformation F;:
T" = Tifrom the reference element 7" =[0,1] onto the finite element T;=[xj-1,xj], given by Fj(x")=
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h(x"+ j —=1),withx” € [0,1], then the discrete PUFEM space X can be defined by {w.\f{}.’}=0 Y {W?}
n owhere W17 0 Fri1(8) = (1—%) cos((k+8)f)
YOIz, 0 Fj1 (8) = (1=2)/((k+8)h) sin((k+

6)hx") for j = 0,..,n—1. Analogous expressions hold for the restrictions of these functions in the
element T;. Then, V4 = V'h@ VP2, where V¥, — {¥iti=1)and Vb, T ({\l’?}_’}:o). Due to the definition

v
Of{wj}nj:]_, the degrees of freedom associated with those functions vxin V¥sare the values on the
vertices of the mesh. In fact, it holds

and

nvh=Y vh(x)hy, VvhE€

Vvh.
=1

Due to the relation written above, the discrete space VY, will be called vertex-valued discrete
space. Also, notice that the functions v°, € V°, are null at all the vertices of the mesh. However,

b
the basis{w.i}"Fo of this discrete space V®, does not behave as the typical polynomial bubble basis
in standard piecewise continuous PP-finite elements with p = 2. In that classical case, each
discrete function in the basis of the polynomial bubble subspace could be non-null only in an

unique element mesh T;. More precisely, in this PUFEM discretization, the bubble functions{w?'}
M=o extend their support to two adjacent elements T; UTj+1, and at the interior of each element,
its local shape resembles the classical polynomial bubbles (with opposite sign in each element).
For this reason, the space VP is called twin-bubble discrete space.

Remark 3.1. A similar decomposition can be performed in higher dimensions, splitting the discrete
space in two different spaces: the subspace generated by nodal basis functions, whose degrees of
freedom can be identified to their pointwise values at the vertices of the mesh, and the other
discrete subspace containing the discrete functions which are null at all the vertices of the mesh.
In the later case, the dimension of this bubble-like subspace will depend on the number of plane-
waves used to enrich the PUFEM discretization. More precisely, in the two-dimensional case, once
a preferred angles of incidence are chosen, 8, | =0,...,M, typically uniformly distributed in [0,21), a
discrete PUFEM function v, € Vhis given by

n M vh(~x) =

zz¢j(~X)ei~k/-~x, j=01=0

with™k = (k +6)(cosB,sinB)). In this case, the dimension of the PUFEM discrete Xnis (n + 1)(M +
1), and its splitting into two subspaces of vertex-valued and bubble-like functions have dimensions
of n+1 and (n+1)M, respectively.

4. Global condensation procedure

Before the derivation of a priori error estimates for PUFEM, it should be ensured the existence
and uniqueness of solution of the discrete problem (7), what cannot be addressed
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straightforward within the discrete functional setting introduced above. In the following sections,
the space of the twin-bubble functions and the vertex-valued functions will be used separately
to decouple the discrete problem in two independent discrete problems. Throughout the entire
manuscript, different assumptions have been used in lemmas and theorems. For the sake of
conciseness, they are listed in what follows:

(H1) Assume |6|/k < 1, which means that the wave number perturbation & introduces a relative
error with respect to the exact wave number k smaller than 100%.

(H2) There exists a constant value € > 1 such that the wave number k > € .

(H3) There exists a constant value 0 < a < 1 such that h(k+|§|) < a.

v
(H4) There exists a constant value B > 0 such that §*h* < (1-B)/( 2C"), being C" the approximation
constant involved in (A.17).

(H5) There exists a constant value € > 0 such that € < h(k+6).

To mimic the local condensation procedure used in PP-finite elements (see [18]), a similar
orthogonal procedure will be applied to Vs. However, due to the non-empty intersection between
the supports of the basis functions in the twin-bubble space V?, it is not possible to compute this
orthogonalization locally (in the interior of each element T;). The condensation procedure is
applied to a global problem stated in the whole domain (0,1), introducing an unusual functional
framework. Firstly, the H'-bubble space is defined by

H ‘lfn(o’ ={veH' (0.1): v(x) ~O0forallx € Th}.

| 1 1
Analogously to the functional spaces H(U(O" 1) or Ho (0, 1), the space H‘Th(o’ L) is a Hilbert space
endowed with the inner product associated with the H-seminorm |-|1.

Lemma 4.1. Under hypothesis (H3), if Bis defined by (3) then the sesquilinear form given by (u,v)

1
7- Bk(u,v)-iku(1)v~(1) for all u,v'E Hq}, 0,1) is continuous, hermitian and coercive.

I
Proof. Firstly, since u(1) =v(1) =0 for any u,ve HTh 0,1) then it is clear that the sesquilinear form

defined in the statement of the lemma coincides with Bcand hence it is hermitian (B(u,v) =

= Hl[h(O, 1)

I
B(v,u) for all y, ). The continuity of Bxin HZ 0,1) follows directly from the continuity

1
of Bkin H(U(O’ ]). However, a sharper continuity constant (smaller than 1+k?) can be obtained as

1
follows. If it is introduced “v;= v|7; ° Fidefined in (0,1) then for any fixed u,vE HT::(O’ 1), it holds

u' (x)7 (x) — K u(x)v(x))

dx
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n Tj
B/
_zl[ux)m)km%um> Y sl o

J=1 j=1
<V2(1+ (kh)2)|“|l-l(1)(0.l)|V|H(‘](U,I) <V2(1 +0‘2)|’f‘|Hg)(u.1)\V\ng(o.l),

|Bk (uv V) - ‘

1+(kh

where it has been used the H-Cauchy-Schwarz estimate in the second inequality, the PoincareV

estimate kuki < P1+1/m?|u|1 < 2|u|1 in the third inequality (see [18, Lemma 2.2]), and the n-
dimensional Cauchy-Schwarz estimate in the first inequality, and hypothesis (H3) in the last
inequality. In addition, notice that u%(x) denotes du/dx for x € Tjwhereas “u?% denotes d"u;/d"x
forx” € (0,1) and anyj=1,..,n.

The coercivity of form Biis also deduced using similar arguments. More precisely, it holds

Y [ (WP -Ru@P)a=Y [ 1a0F - 6 oP)

Bi(u,u) = ' _

o h
d'xj=17; =1 0

w—_o 2 2

T 7(121 n -] o ) (12 n
> L M Pae= TN gy, = T

=1 u|2H10(0,1),
where it has been used that (kh)? < a? (from (H3)) is smaller than m?, which is the smallest
eigenvalue of the second-order derivative -d?/d"x?in (0,1) (see [18, Lemma 2.2]).O

In addition to the result stated above, the Lax-Milgram lemma also ensures the existence and
uniqueness of solution of the variational problem: under assumption (H3), which leads to hk < a

1
<, and given f € L?(0,1), find V€ Hy, (0.1) such that

. I
B(v,®) = hf bl for all @ € Ha, (0.1) (9)
From the coercivity of Byand the Poincare inequality kvko < |v|s, it is straightforward the estimate

2

EL
V| < 55—
M < 51l 0

0,1)

1
It is also clear from the definition of the twin-bubble space that Vth H‘Ib( . Since Bk is

1
coercive in HZ, (0, 1), it will also be coercive in V®;, and Bxdefines an inner product in both spaces,
equivalent to the product associated with the seminorm |-|1. Hence, under assumption (H3), the
analogous discrete version of the problem (9): given f € L2(0,1), find vy € VP, such that
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Bi(ve,db) = hf,dblia(0.1) for all db € Vb, (11)
has a unique solution, and it also holds
2
2 — o2

V|1 <

Ifllo )

Despite the previous estimates (in the continuous and discrete variational problems
guarantees the well-posedness of both problems), the estimate (10) is not sharp and it can be
improved as follows: taking into account that Hm(0,1) = L7, H2o(T)) (understanding that the

|
inclusion of HY(T}) in Ho(0; 1) is made by the extension by zero of those functions defined in T;C

(0,1)).

Lemma 4.2. Under hypothesis (H3) and given f
lem (9) if and only if v|17;= vjis a solution of the problem

2 I
eLA0.1), ve H'E, (0, ])is a solution of prob-

i 1
Be(v;$) = hf|r, &' ia(m, for all @ € Hy(T;) (13)
with j = 1,..,n. In addition, it holds

2
I
‘v‘l < 2 —(IZthHO.

(14)

Proof. The equivalence between problems (9) and (13) is immediate. Defining v;= v|7;, taking test
functions ¢ with compact support in Tj, and substituting in problem (9), then (13) is obtained.
Reciprocally, if each v;is extended by zero to the exterior of Tj, and then these extensions Xz v;are

_ I
summed up, then v = &~j=I X vj is the solution of problem (9). To asses this statement, it is

1 —yn 1
enough to use that anyq) < H‘E, (0, ])can be rewritten as 0 ):Fl xrjq)jwith o) € HU(TJ'), and add
the variational formulations (13) fromj =1 to n.

To obtain a sharper estimate, the variational problem (13) is rewritten in the reference
element (0,1). Hence, it is obtained that "v;= v|7; ° F;is the solution of the variational problem

.1 - - 1 =
| (F@¥ @ae- k20,86 ) at = [ (flr,0F) (0t

J

1
for all ¢ € Ho(T}) with j = 1,..,n. The analogous estimate to (10), but now applied to a problem
5. < w2 /(12 — o2\2 o F.
stated in T, leads to |1»"|H(])(0-1) < /(= — a?)h7|| flr; © Fjllez o,y

, <2 /(m2 _ o2 e
obtained |v-f|H3>(T:‘ <77/ (1" — oO)h]| flz;] L*(T}), Estimate (14) follows adding the squares of the
left and right-hand side in the inequality written above from j=1,..,n. O

and coming back to Tjit is

Remark 4.3. A similar analysis could be addressed in higher-dimensions following the
steppingstone idea of global condensation presented above, taking into account that the bubble-

like subspace VP is going to be larger than in the one-dimensional case and the fact that the

)= {0 € H'(Q) : 0lar = 0, VT € %}

I
functional space H7 (€ will involve functions which are null
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on the edges in two dimensional problems, or faces in the three-dimensional case. Notice that the
classical condensation algorithm used in typical hp-fem discretizations [9] should be extended to
the global setting proposed in this work and hence instead of using an elementwise
orthogonalization procedure [35], global orthogonal relations should be considered as it has been
already stated in the variational problem (16).

Since VP, cannot be rewritten as a direct sum of the space of bubbles functions with support
in each finite element Tj, the proof of Lemma 4.2 cannot be replicated for the discrete problem
(11). However, despite this drawback, the estimate (12) for the discrete solution can also be
improved by using that the error v—vy is orthogonal to V°, with respect to the inner product Bx.

Lemma 4.4. Under hypothesis (H3) and given f € L2(0,1), if vu € VP4 is the solution of problem (11),
then it holds

2
2 n’
plt < V201 0) (50 ) sl -

Proof. From variational problems (9) and (11), it is clear that B«(v—-vi,b) = O for all ¢b € VPh, or

equivalently, Bx(vo,db)= Bk(v,db). If db = vb, taking into account the coercivity and the continuity
of Bx(see Lemma 4.1), and also estimate (14), it holds

> —

2

V2(14+a2)nh

2
o
It < [Bi(vh,vb)| = |Be(vovp)| < V2(140) v |v]1 < o2

o1 lf1lo

Since it can be supposed that |vs|1> 0 (otherwise f = 0 and the lemma follows immediately), the
expression above leads to (15), simplifying the factor |vp|1at the most right and most left terms
of the inequalities written above. [

For the subsequent parts of the existence and uniqueness results and the a priori error
analysis, it will be useful to split the PUFEM discrete space as the direct sum V4=V~ Y, @V, where
the orthogonality is computed by means of the inner product induced by form Bx. With this

purpose, for each Y, it will be defined ¢~ V= Y, +€ such that it is satisfied the orthogonal

~v aby
relation By (¥5:9%) =0 for all P € VP, or equivalently, find £ € VP, such that

Bk(£%°) = —Bi(¥Y;d°) for all ¢° € Voh (16)

Notice again that this orthoganization procedure involves a global problem stated in the whole
domain (0,1) (whereas in the classical polynomial space it can be performed locally). Since Bkis a

1
coercive form in HZ 0,1) and also in VP, the application of the Lax-Milgram lemma guarantees
the existence and uniqueness of solution of problem (16), and the estimate (15) with f= (Y€

L?(0,1) reads
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v T[2 2 v
g < Va0 (55 ) il .

In conclusion, the discrete PUFEM problem will be represented in terms of the partially

VR b
orthogonal basis{wj =11 {W.,' }"j=o, which induces the representation Vp= V™~ Yy @ VPh.

Remark 4.5 (Invariant translation). Notice that, since the mesh is uniform (all the elements have
vn b

the same length h), any discrete basis function in the trigonometric basis{w.i}.i=l U {wj }nj=0 is

_ o Y(x) = (x—h(j—m)) b(y) = yb ;

invariant under translation, i.e., i m and Y®(x) = Y°m(x=h(j-m)). Con-

. A9y u{wb) L
sequently, the partial orthogonal basis' *JjJ j=1 iIM=0 also shares the same property since its
functions are linear combination of the trigonometric basis functions. In addition, it is important

VL TV (v,
to realize that V™ Vjis symmetric with respect to x = xj, i.e., Vi (xj +5) = Vj (xj =) forO<s<h.

Such symmetry property does not hold for the twin-bubble functions °;.

Now, taking into account this orthogonal relation between the different basis functions and
its invariant translation property, problem (7) admits the matrix representation

Lplin = J?}z, (18)

_f=v o =by v v . b b .. . .
where~up = (tiy, 1dp) = (U, ...y, Ug, - Up)t gre the coefficients of the discrete solution Un € Vh,

given by

n n
- VoV
un Z uiy;+ ZUbjLIij, j=1
j=0

and the matrix L (of size (2n+1)x(2n+1)) is defined by blocks as follows:

Lh=0(nl+1av)xn  OnxL(npb+1),

where the nxn matrix Ly¥ and the (n+1)x(n+1) matrix Ls° are given by

Rh T b Rbh h
1h
25n 25[7 S1in Sb +Sb h h
v Rh Rh il Rb
Ln= o o LpP= @EE,  (19)
Rh  2Sh Rh Rbh Sibh +S2bh bﬁ }
Rb 2h
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Rh  Sh-ik Rbh S
being Sk = Bi(¥}:¥})/3 and Rn™ B(W5.Wi1) for anyj = 1,..,n-1, and analogously 5:°, +
b, = Br (‘l’?v‘l’?)/z and Rp = By(U°,U%-1) for any j = 1,..,n-1 (where Sixis the contribution from
the element Tj and Sh2 is that one coming from Tj+1). The right-hand side ~f — (ﬁ:fﬁ) -

i.e.,
Z1 Zif¥=fP~ Vidxforl=1,.,n, f°=fPp®dxforj=0,.,n
0 0

Hence, the solution of the linear system (18) can be decoupled in the two linear systems Lp¥~uh

= ~fi¥ and Lp°~uPp = “fib. The latter one is the matrix description of the discrete variational
problem (9) and hence applying Lemma 4.4 and more precisely, the estimate (15), there exists a
unique solution u®, € V4, and it holds

luphi < Chl|fl, (20)

where Cis a positive constant independent of k, §, and h, once it is satisfied hk < a <.
The first linear system LpY~u's = "f1"is equivalent to the following variational problem: given f

€ L?(0,1), find vb €V such that

Bt Ov) —ikuva(1)d (1) = hf,d W20, for all b € V. (21)

The following subsections will be devoted to ensuring the existence and uniqueness of the
discrete problem (21). With this purpose, it will be analyzed the discrete dispersion relation
associated to this discrete problem, the discrete Green’s function, and finally, it will be shown
the discrete inf-sup condition, which guarantees the well-posedness of problem (21).

It will be useful for the derivation of estimates by means of the Green’s function to establish
a relation of equivalence between the standard finite element norms for continuous piecewise
Plfinite elements (defined with respect to its point-wise values) and the corresponding L?- and
Hnorms using the vector of point-wise values of the PUFEM space V~1'. More precisely, the L2-
finite element norm k-Ko s and H!-finite element seminorm || for a vector of point-wise values

—\n .
~V = (Vy,...,Vn)'associated to a finite element function vie — ):J:l Vi®, are defined as follows:
n

! !
n z 2\ 2
(h Y |Vj2) v el = Wl ve = (h ) ) , (22)
kvfekLz(O,l) = k~vko,vfeh =\ J=1 j=1

where it is assumed that vo = 0 (due to the homogeneous Dirichlet condition at x = 0).

Vi—Vi-1

h

__ VA AV
Analogously, the PUFEM norms associated to a function vy — Zj:l ViVj EV";," associated to its
pointwise value vector~v = (vy,..,,vn) are defined by

|
— ~ e\ 2
vl = Plo.gy = (7345)

J

- 1
I o * -y s
o = Wy = (7 %) (23)
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where [%1] 10 W W"/ dx and [ Lt fﬂ (\I’j) (p ) dx, and again it has been assumed that vo

Although any pair of norms are equivalent in a finite-dimensional space, the following lemma
states the equivalence constants independently of h, k, and 6.

— n v
Lemma 4.6. Under hypothesis (H3), if vh Li-1ViVj € V¥ and~v = (vy,..,Vn) is its point-wise value
vector, then it holds

k

C1k~Vko,vfeh < kvn 12(0,1) SC2k~Vko,vfeh, C1|~V|1,vfehS IVthl(O,l) SC2|~V|1,vhfe, (24) where C;

and C; are positive constant functions independent of h, k, and 6 (depending only on ).

Proof. It will be followed by a slight modification of the steps used in [11, Lemma 9.7] to prove
the equivalence of norms in polynomial finite element spaces between the discrete functions and
its point-wise value vectors.

Clearly, if va E V™ Vthen “v; = vh|r o F;jfor any fixed j = 1,..,n belongs to the span of local

functions WJ ||TfOF lVI‘TIO‘Iw defined by the partially orthogonal procedure. Hence, “v;
defined in T" is represented by the C2-coordinate basis vector ~v; = (vj-1,v))!. Direct inspection

~ v ey )
reveals that the two local functionst /117 ©FjWjlr, o Fj} depend continuously on the

parameter h(k+8) € (0,a] (which holds under assumption (H3)). Consequently, if K" iocand M |oc

denote the local stiffness and mass matrices defined in T° with respect to this local PUFEM basis,
then the coefficients of these matrices also depend continuously on the parameter h(k+6). In
addition, if

A~

K*oc®and M 1oc'® denote the analogous local stiffness and diagonal lumped mass matrices (M

loc'® is equal to the 2x2 identity matrix) with respect to this local standard piecewise P1-FE basis,

then it holds

~V*jMA loc~Vj ~V*jKAloc~Vj
Amin(h(k"'s)) < - < Amax(h(k'f's)), umm(h(k'l'a)) S— < llmax(h(k"‘a)),
~V*jMA locfe~Vj ~V*jMA locfe~Vj

where Amin(h(k +6)) and Amax(h(k +8)) are respectively the minimum and maximum eigenvalues
of the symmetric generalized eigenvalue problem K joc~v = AK"oc~v, and pmin(h(k + 8)) and
Umax(h(k +8)) are respectively the minimum and maximum eigenvalues of the symmetric

fe

generalized eigenvalue problem M oc~v = uM 10c'¢~v. In both cases, their eigensolutions also

depend continuously on the parameter h(k+8). Hence, the maps h(k+8) 7— Amin(h(k+6)) and
h(k+8) 7— Amax(h(k+6)) are continuous functions defined in a non-empty compact domain [0,a].
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So, using the Weierstrass theorem, both continuous functions reach respectively a minimum Amin
and a maximum value Amax (possibly depending on a). The same argument should be applied to
bound the eigenvalues pmin(h(k+6)) and pmax(h(k+8)).

Now, taking into account that~v5M ioc®~v; = [vj-1]? +|vj|* and~vK oc®~V; = |vj-vj-1|2, and the
e 3 ~

. 2 P— . . 2 P—
fact that” -’HLQ(T) ivM |oc~v/,and‘v-’|H‘(T) ~v*iK"loc~Vj, it holds

7Lmin(|VJr'—l|2‘i‘|VJ-"2 < HﬁjHiz iy < Amax ( |Vj—l|2+“’j|2)

umm‘V;_V,' 1| <|Vj| (1) = Hmﬂx"’i_vf ‘l

2
and coming back to element T; by applying the affine transform Fj, using that |vh|Tf|H'(Tj) =

27 h 2
‘Vf| )/h and”vh‘]r I (T5) ”vf ” ), the estimate written above leads to

Aminh([vj-1 *+ |Vj| ) < ||Vlz‘T,||L2(Tj) < Amaxh([Vvj-1 *+ |V_f| )

Umin |vj —vj-1]2 - 2 < Umax
Vi -vj-1|2.
< |vn|T|
h jH(T) h

If the terms in the previous inequality are added from j = 1 to n and the root square is computed,
estimates (24) are obtained. O

5. Discrete dispersion relation

The derivation of discrete dispersion relations for the discrete linear system can be made
identifying those Bloch discrete waves in Vi, which are homogeneous solutions of the discrete
Helmholtz problem on the uniform mesh. In what follows, estimates of the difference between
the continuous and the discrete wave number will be derived using similar arguments to those
one described in [18].

To write the discrete Green’s function associated with the discrete PUFEM problem (21), the
first step consists in the estimation of the discrete wave number. More precisely, the wave
number associated with the exact solution of the homogeneous Helmholtz equation will be
compared with those solutions which satisfy the row equations of the tridiagonal matrix Lx",
stated in a uniform mesh extended throughout the whole real line.

With this comparative aim, first, an exact tridiagonal stencil Lp** will be computed in such a

manner that the Bloch plane waves with exact wave number k satisfy this exact stencil. So,

v 1
instead of using the discrete basis{w,i}”jq in V7' = H(U(O’ 1

functions

, the set of linearly independent

1
{uj}"=1 in H(O (O D is considered, which are defined as the unique solution of the continuous
Helmholtz problem:
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( ~u%) —k2y;= 0 in Ti-1UT; = [x-1,x+1],
(25)
u(x-1) =0, ulx) =1, uxj+) =0.

Inserting this set of functions in the variational problem (2) (without taking into account the
boundary conditions), the tridiagonal stencil, which is obtained for the interior nodes (for j =
1,..,n-1), satisfies

Rexuex(Xj+1)+2Sexuex(xj)+Rexuex(xj-1) = 0, (26)

where uexis an exact solution of the homogeneous Helmholtz equation and Sexand Rexare given
by
2Sex = Bi(u,u)), Rex= Bi(ujuj+1) = Bi(ujuj-1). (27)

Since uex(x) = Ae* +Be-* with A,B € C, the fundamental Bloch solutions of (26) are

uth (kx) = D ui(x)e™, un (kx) = D ui(x)e™, (28) jezjez
and consequently
Sex
cos(kh) =- . (29)
Rex

The next step in the derivation of the discrete wave number for the PUFEM discretization
inV™Y consists in the statement of an equivalent variational formulation associated to problem
(25). Since ujis defined piecewise in each element T;and Tj+1, it can be rewritten as the addition
of a basis function in V¥, plus a function of the H!-bubble space. Hence, given ¥, € V¥, the exact
solution

— wY . v |
ui Vj +&j€ Vi o= (0, l)ThiS determined by means of the solution of the variational problem

Bi(§,d) = -Bk(VY; o) for all IS quir (0,1) forj=1,.,n. (30)

Using Lemma 4.1, if hypothesis (H3) holds then the problem stated above has a unique

1
solution since Bgis continuous and coercive in HZ (0, 1). It should be remarked that the variational
problem (30) is the continuous version of the discrete variational problem (16), where the

partially orthogonal basis{qj.‘;}”jq was defined by means of the computation of
{€0)1_, CV; CHL(0,1)

It should also be noticed that the form Bx has real-valued coefficients, and hence, since the
righthand side of problems (30) and (16) are defined by real-valued functions (as in the case of
functions {W}}.’;:l), then the solutions of these variational problems are also real-valued.

o
Lemma 5.1. Under assumption (H3), if u;, urand Vi W"/ are defined respectively by the variational
problems (30) and (16), then
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Bi(uj—™ Yu =™ Y1) = Bu(W™ Y™ Vi) =Br(ujui), (31)

forallj, 1=1,..,n.

Proof. The arguments used in this proof are completely analogous to those presented in [18,
Lemma3.1]. O

Now, the attention must be focused on the discrete problem associated to the variational
problem (21) stated in V™4". In that case, since the discrete functions V"' are determined by their
pointwise values at the vertices of the mesh, the tridiagonal stencil which is formally satisfied for
a

— iV )
Bloch wave uh(x) =YLjezVj (x)e’ko"fleads to
Rnun(xj+1)+2Shun(x;)+Rnun(x-1) =0, (32)

— TV rY _ TV eV
where recall that Snand Rnare given by 25, B(W},97) and Rh_B"'(wj’wjfl). Hence, from (32)
it is obtained the discrete dispersion relation

cos(koh) = —_>h, (33)

Rn
being k0 the so-called discrete wave number associated with the PUFEM discretization in V75",

Remark 5.2. In the context of standard polynomial finite element methods, assuming an invariant
translation of the mesh (for instance, using tensor-product meshes, Cartesian grids, etc.)
analogous arguments have been used to obtain their dispersion relation in closed form (see for
instance [1, 13]). Under the same considerations, the one-dimensional computations could be
used as a stepping stone to obtain, with cumbersome analytical computations, the PUFEM
dispersion relation in higher dimensions. More precisely, in the case of d-dimensional Cartesian
rectangular grids, taking into account its tensor product structure, the fundamental Bloch

' i =(x xg) =% uF . :
solutions can be written as Un \A1s: -4 r=1"h (kr;xr), where u*yis defined by (28). Hence,
following analogous arguments to those used in [1, Section 2.3], it can be deduced that the

dispersion relation in higher dimensions is given by
d

> (kr0)2 = (ko)2 r=1
where kO is related by the wavenumber k by the one-dimensional dispersion relation (33).

Theorem 5.3. Under hypothesis (H1)-(H4), if k% is the discrete wave number defined in (33) then it
holds

0 —cos(kh)| <Cg*h®, |ko—k| <COaha, (34)
|cos(k h)
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k

where C is a positive constant independent of h, k, and 6 (and only dependent on a and B).

Proof. The arguments used in this proof are almost identical to those ones used in [18, Theorem
3.2]. Firstly, straightforward computations show that u;are defined by

mpE—cot(kh)sin(k(x—xj))+cos(k(x—x;)) for x € Tj+1, uj(x) =

cot(kh)sin(k(x—x;))+cos(k(x-x;)) forx €T,

0 otherwise.

Then, direct computations show that

2 1
s 3 = (— " o<k2h2)) Wl =L 24 on) )
(35)
3 h
and also
] 1
2Sex = Bk(Uj, MJ-') = — (2+ O(kzhz)) , Rex = uj+|) = (*l + O(kzhz)) Bk(Uj,
_ , (36)h h

where O(k?h?) must be read as a tailored expression bounded by Cik*h? +Ck*h* +..., where Gy,
C,,... are positive constants independent of k and h.

Using the discrete dispersion relations (29) and (33)

|cos(kh) —cos(k'h)| _ | h_ ‘ — | S  SexShRex —SexRh
(37)
Rh RexRhRex

In consequence, to estimate the difference between both cosines in the expression above, it is
enough to obtain an upper bound for the numerator and a positive lower bound for the
denominator.

First, it should be taken into account that uj|7;is the exact solution of a similar variational

1
problem to (30), but with test functionsin Ho(Z7), In the same manner, the PUFEM approximation
U~ Yj|ris the exact solution of a similar variational problem to (16), but where the test functions

— S Al - b = b
used are in the discrete space W? — {0 |Tf S Vh}. Hence, estimates in Lemma A.6 can be

N
applied for h(k+6) < 2m, taking into account the discretization space{w.i‘Ti}Uij. Due to the
interpolatory properties of the global interpolant /I (see Remark A.7), it holds that /n
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1) = Y b b b
(”J‘Ti) - wj|T.f + q)I‘T,-with some 97 € Vi, In this manner, utilizing Cea’s lemma (see [8]) applied

to the variational problems (30) and (16) rewritten in HY(T"), it holds

v 2 2

wilr — YT 2n°(1+ o7) . b

Jujlr; = Wl S 2l 2 inf, uili = wilr+ &l Ty
n2(1+ o)

il =, J1) iy < CER [ujla gy )

Adding the analogous estimation in Tj.1, it is obtained

~ 212
uj = Wil <C&Rujlifor 11 j=1,.,n, (38)

being C a positive constant independent of h, k, and 6.
Second, the numerator in (37) can be estimated using Lemma 5.1, the continuity of Bxin Hlf,

the computations (36), and the estimate (38) as follows:

1
5 |5hRex—5eth| = | Bk(uj,uj) Bk(b~ vi W~ vj+1)=Bk(ujuj+1) Bk(D ™ vi b~ vj) |
<|Bi(uj,u)||Bic(uj — Wi iy — Wiy )|+ | Br(uj, 1) Be(u; — W5, u; — )|
_ 1 22\/ 22 A264h4|Uj|1|Uj+1|1S
(2+O(hk)) 2(1+(hk))Ch
1 N
+=(1+ O K*))V2(1 + (W*,*)C28* 1 u |}
h
where C” is the positive constant involved in (A.17). Now, using (35) and taking into account that

hypothesis (H3), it holds
|ShRex _Sethl SC64h2, (39)

where Cis a positive constant independent of h, k and 6 (only dependent on a).

The denominator in (37) can be rewritten as

|RhRex
| =B (ujsujr)|[Bruj — 05 ujr —Wipy) + Be(uj,ujp)|

|7 [ ] I (

(=1 OUE) 1Bl = W0 = W3] = |, (=14 OH) |
(1+ O(h*k*)) (:l (14+O0(kK*h?)) —V2(1 + (thZ))CZS“h“;l 2+ ouﬁ#)))

N

2|

>

Sl =
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Once it is assumed (H4), it holds 1- 2C"26*h* > B > 0 and hence the expression between large
parenthesis in the last term of the inequality written above is strictly positive and lower bounded
by B. So, it holds
C

|RhRex| =2 h—2, (40)
being C a positive constant independent of h, k, and 6 (only dependent on a and ). Finally,
inserting estimates (39) and (40) in (37), it holds the first inequality in (34), and using analogous
arguments to those used in [18, Theorem 3.2], the second inequality in (34) is obtained. O

6. Discrete Green’s function and discrete inf-sup condition

Once the discrete dispersion relation has been studied, it is possible now to deduce the
discrete Green’s function associated with the discrete sub-problem with matrix LY, defined in
(19). To write this discrete Green’s function, it will be followed by analogous arguments to those
used in [32] in the continuous case, and in [17, Section 3.2]. Analogously to the continuous case,
the expression of the discrete Green’s function Gx(x;x;) will be written in terms of two discrete
functions axand Bxas follows:

a .
A [ h(xj)Bh(xm) ifXjSXm,
XiXm) = h
o) =14 (] .
Oh 1Bh(xm) (41)
Y \ YO | B
where Apis a quantity, which is fixed to satisfy
1
RhGh(Xm—l,Xm)+25hG(Xm,Xm)+RhG(Xm+1,Xm) = — (42) h

In the case of an, any homogeneous solution of the discrete variational problem with matrix Lp"
is given by a linear combination of the Bloch-type waves

op(x)=A E W (x)cos(jk'h) + B E Wi (x) sin(jk'h.). (43)
j=0 j=0

The vector given by the values of aat the mesh vertices should satisfy the first row of the matrix
Ly, this is, 2Shan(x1)+Rno(x2) = 0. Using the discrete dispersion relation (33), it is straightforward
to check that the equation above is equivalent to satisfy as(xo) =0, and hence A =0 and B is any
non-null constant.

The computation of B, can be deduced analogously. Since it can be defined by

(Z W (x)cos(jk'h) +D Y Wi(x) sin(jk’h))
Br(x) =C\J=0 =0

, (44)
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with C a non-null constant, it should only be checked that the last row of the linear system
involving Lp" is satisfied. In this case, it must be verified that RaBn(Xn-1)+(Sh —ik)Br(xn) = 0, or
equivalently,

Rn(cos(k®h(n-1))+Dsin(k%h(n-1)))+(S» —ik)(cos(k%hn)+Dsin(k°nh)) = 0.
A direct computation from the equation written above shows that

sin(k%)cos(k9) (R?, sin?(k%h)-k?)—ikRn sin(k%h)

i sin(k'h) cos?(k'h) + k* sin (k')
Additionally, straightforward computations also show that if it is taken B=1in (43)and C=1in
(44) then

Rnath(Xm=1) Bh(Xm)+2Snoth(Xm) Bh(Xm)+RnBh(Xm+1)ah(Xm) = —Rn sin(kOh).

Hence, to satisfy (42), it is chosen An = —Rnhsin(k%h). It should be remarked that since k > € (H2)
and kh < a <1t (H3), estimate (34) leads to k°h < a+C8%*h3 which is smaller than rt for § and h small
enough. Besides, from (36) and the estimate (40) it is guaranteed that Ry is lower bounded by a
positive constant far from being null. Consequently, the Green’s function given by (41) is well-
defined.

The most attractive feature of the Green’s function is that it allows writing the inverse of the
matrix Lp¥ explicitly, or equivalently, to write in closed form the solution of the linear system

Ln¥~u's="F14". Using (41) and taking into account that the PUFEM discrete functions u'sin V"' are

determined by the vector~uy of its point-wise values, it holds

n

~u'h(x1) = [~u'nli= h 3 Ga(xix) [~f']; (45)
j=1

From the equation written above, it is immediate to deduce that the coefficients of the inverse
vy—1 _
matrix of Lp" (in the case of being uniquely defined) are given by (L)) = hGh(x,X;).

Lemma 6.1. Under hypothesis (H1)-(H4), given the source data f € L2(0,1), if u'» € V"1"is a solution

of the discrete variational problem (21) then
|upl1 < C| f1lo, (46)
where C is a positive constant independent of h, k, and & (depending only on o and B).

Proof. The proof is entirely analogous to those one shown in [17, Lemma 3]. The estimate (46) is
obtained by using the equivalence of norms stated in Lemma 4.6. [J
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Remark 6.2. The computation of the discrete Green function follows an analogous procedure used
to compute the continuous Green function, which is specific for one-dimensional problems. Hence,
these arguments cannot be extended straightforwardly to higher dimensions. Hence, the use of
the tensor structure of the discrete problem to derive some estimates on the discrete Green
function in higher dimensions remains as an open problem.

Since the explicit computation of the discrete Green’s function and its well-posedness for
h(k+ &) < a < 1 can be read as the proof of existence of solution for the discrete problem (21),
the following theorem guarantees the uniqueness of solution by means of the discrete inf-sup
condition (see [6] for a detailed discussion).

Lemma 6.3. Under hypothesis (H1)-(H4), it holds the discrete inf-sup condition

| Bk(un,vn)—ikun(1)v n(1)] C
inf sup z—, (47)

Vv, v u
v VY | h‘]| UKE h hEh Vhll k

where C is a positive constant independent of h, k, and 6 (depending only on a).
Proof. The same kind of arguments used in [17, Appendix B] will be followed. Inequality (47) is
equivalent to show that

ik (1)vp(1 C
‘h( ) n’?( )l > ‘H |

| &

VhEV hy |vh1h1 for all un €Vi

sup |B*(uh,vM)-"v.

To prove the inequality written above, an arbitrary uy € V7' is fixed and vy = up +2z5 is defined,

being zn the solution of the auxiliary problem

Bx(wh,zn)—ikwn(1)z n(1) = kthh,ZhiLz(O,l) for all wa €V™p".

Since k?un € L?(0,1), this problem has at least a solution given by the application of the discrete
Green’s function. The arguments used in [17, Appendix B] in combination with the equivalence
of norms stated in Lemma 4.6 shows that

|k ’
<Ck u
ekl gl

L3

withC a positive constant independent of h, k, and §. From the estimation (34) and the
assumptions of the present lemma, it is immediate to check that k/k%is bounded independently
of h, k, and 6 and hence it holds

|2]1 <CK|un] . (48)

Coming back to the numerator in the inf-sup condition and using the expression of v, = up +zy, it
is satisfied
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Bi(ur,vh)—ikun(1)v™n(1) = Br(unun +zn)—ikun(1)(u"n(1)+z"n(1))

= Bi(un,un)—ik|un(1)|? +Bk(unzn)-ikun(1)z"n(1)
= Bi(un un)-ik|un(1) |2 +k?hununl2(01) = |un|%
—iklua(1)[%

and so, using (48), |va|1 < (1+Ck)|un|1. In consequence, it holds

= 2
| Bi(un,vh)—ikun (l)vh(l)l > |”h|l > ‘u | 1
sup
h1, vhevhv |Vh|1
|vh|1 1+Ck
which leads to (47) since k is strictly positive lower bounded far from zero. O

Finally, combining the stability estimates for the sub-problems stated in V" and V¥, it can

be stated a stability result for the whole discrete problem stated in the PUFEM discrete space Vh.

Theorem 6.4. Under hypothesis (H1)-(H4), there exists a unique solution un € Vp, of the discrete
PUFEM problem (7). Also, it holds the stability estimate

|un|1 <Ckfko, (49)

where C is a positive constant independent of h, k, and 6.
Proof. The existence and uniqueness result comes straightforwardly from the existence and

uniqueness solution of both sub-problems (21) and (11) defined in V"sYand V°;, respectively. Also,

since up = U’ +uP, estimate (49) is obtained combining (20) and (46).0

7. Robustness analysis of the PUFEM approximation

Finally, this section is devoted to writing an error estimate for the PUFEM discretization. More
precisely, the H!-distance between oscillatory functions, which are exact solutions of the
Helmholtz problem, and the PUFEM approximations will be estimated. The main three
ingredients to obtain such estimates are the stability of the discrete PUFEM variational problem
(stated in the previous section), the interpolant estimates for oscillatory solutions described in
Appendix A, and its relation with the projections of the exact solution in the PUFEM discrete
space.

Firstly, to highlight the difficulties of passing to the limit when h(k+&) tends to zero, it will be
shown that the functions belonging to the PUFEM space on uniform meshes satisfy an inverse
inequality, once the limit case h(k+6) = 0 is avoided.
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Lemma 7.1 (Inverse inequality). Under hypothesis (H3) and (H5), there exist constants Co and Ci
independent of h, k and 6 (only dependent on € and a) such that

Co C1
—kvrko < |vh|1s  _—_kviko, (50)
h h

for all vy € Vp.

Proof. A slight modification of the steps used in [8, Chapter 3] will be followed to proof the
classical inverse inequality in standard polynomial spaces, for instance, for any continuous

piecewise P!-discrete function erhE Hq)f}?:()) defined on a one-dimensional equispaced mesh,
where it is satisfied Vi 1 < C/hlIVilo,

Direct inspection reveals that all these shape functions depend continuously on the
parameter h(k +6) € [g,a]. In addition, if Kioc and Mioc denote the local stiffness and mass
matrices with respect to this local shape basis, the coefficients of these matrices also depend
continuously on the parameter h(k+8), and it holds

~v«Kloc~V

)\min(h(k+6)) S~V Mioc~v < )\max(h(k‘*'a)),

where Amin(h(k +6)) and Amax(h(k +8)) are respectively the minimum and maximum eigenvalues
of the symmetric generalized eigenvalue problem Kioc~v = AMloc~v, Whose eigensolutions also
depend continuously on the parameter h(k+8). Hence, the maps h(k+8) 7= Amin(h(k+6)) and
h(k+6)7—Amax(h(k+8)) are continuous functions defined in a non-empty compact domain [g,a].
So, using the Weierstrass theorem, both continuous functions reach respectively a minimum Amin
and a maximum value Amax (possibly depending on € and a). Hence, taking into account that
H*v Kioc~v and ”vj”iz('f) ~~v*Mioc~v, it holds

=7

~ 12
‘ JlHl(]‘r)
A2 a2 a2
7LminH"}J’”Lz(f") < ‘VJ'|HI(T) < 7\'ma)(HVJ'”LE(T)
or equivalently, coming back to the element T},

1
1
2 2 2
2;LminHVh|7j,-HL2(Tj) < |V]7|7}‘H'(Tj) < lenax”vhlﬂ”LZ(Tj)

— forj=
..., h h

o

If the terms from j = 0 to n in the previous inequality are added and the root square is computed,
estimates (50) are obtained. O

Remark 7.2. Assumption (H5) implies € < h(k +6), which is essential to avoid the limit case h(k+8)=
0. However, it does not mean any restriction on the error analysis, since € can be chosen as small
as desired independently of k and 6. As it has been discussed previously at the beginning of Section
4, if the limit case h(k +8) = 0 is formally considered, the PUFEM subspace V', will be identical to

the standard continuous piecewise P -finite element space and the restrictions of functions of V°;
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at each element coincide with the P?-bubble functions. In the classical polynomial bubble space,
the number of bubbles coincides with the number of elements, i.e., n. However, the number of
basis elements in V°; coincides with the number of vertices n+1. So, in the limit case of h(k+8) =
0, the twin-bubble basis of V/°s collapses and a function of this discrete basis should be removed

to avoid a linear dependency.

Finally, an a priori error estimate for the approximation computed by means of the PUFEM
discretization can be obtained.

Theorem 7.3. Let u € HY(0,1) be a solution of the variational problem (2) and let un € Vi, be the
solution of the PUFEM discrete problem defined in (7), both with null source term f = 0. Under
assumptions (H1)-(H5), it holds

|u—-un|1 <Ck|u=Inu|s, (51)

where C is a positive constant independent of h, 6, and k.

Proof. Firstly, since u—unis orthogonal to Vi with respect to the sesquilinear form of the variational
problem (7), it holds

Bix(u—unvn)=ik(u(1)-un(1))v'a(1) =0,

for all vs € V. Hence, if zn = un—Inu € Vhthen, since zn = (un —u)+(u-Inu), the discrete function z
is the solution of the following variational problem:

Bi(zn,vn)—ikzn(1)v™ (1) = Bu(u—=Inu,vs),

for all vi € Vi Since Vh = V7 @©VP, the variational equality written above is satisfied
independently for test functions in the vertex-value spaceV"4'and the twin-bubble space V5. The
same kind of considerations can be applied to split z», this is, z,= 2’5 +z°h. Due to the orthogonality
relation between the discrete spaces V°4' and VP, each of these functions, z's, and z°, are

respectively solution of the variational problems

Bik(zvh, wh)—ikzvn(1) i (1) = Bic(u — Ihu, vy,) for all vl V™4,

Bk(zzs Vi) = Bi(u— Lu,vp) for all vP, € Vb,
Also, due to the linearity of these two problems, their solutions can be rewritten as the sum of
two new discrete functions, z'n = z'1n+2"2n and z°, = zP14+2°p, where each addend is solution
respectively of the following variational problems:

Bk(ZYIn V) — ikzy, (D)7 (1) = ((u— L)', (Vi\;)!)LZ(O,l) for all v'h € th, (52)

. _ 2
B2 Vi) — tkza, (1) (1) = —k~(u — Ih”svpu(o,l) for all vwh €V hy, (53)
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b b b
B zin: Vi) = ((u— L)', (Vh)'hz(o,l) for all vbh € Vb, (54)

b b 2 b
B Zap Vi) = —k"(u— Ilrua"i;)Lz(o,l) for all vbh € Vonh. (55)

For each one of the solutions of the discrete variational problems stated above, some of the
estimates written in the previous sections can be applied. More precisely, if analogous
derivations to those used to obtain (48), a coercive estimate similar to (12), and (15) are applied
respectively to the solutions of problems (52)-(55), then it is satisfied

1z < Cklu— Lyuly,
k
K

l2inlt < Clu— Tyuly,

15,1 < Ck \u— Inul

b
|22l 1 =chik?|u-Ipul,

where Cis a positive constant independent of h, k, and & (depending only on a and B).

— SV b b
Finally, collecting all these estimates and using the fact that z, = 2yt 2 + 2, + 22, then
|zn|1 <C(1+k)|u-Inu|1 +Ckku—InuKko,
from which (51) is concluded applying a Poincare inequality and due to k is strictly positive lower
bounded far from zero. |

Remark 7.4. The arguments used in this section are not specific for the one-dimensional case and
they can be used in the numerical analysis of the problem in higher dimensions, once the
interpolant operator I, has been designed in a similar manner (see Remarks A.3-A.5).

Corollary 7.5. Let u € H'(0,1) be an oscillatory solution of the variational problem (2) and let un €
Vh be the solution of the PUFEM discrete problem defined in (7), both with null source term f = Q.
Under assumptions (H1)-(H5), it holds

|u—un|1 <Ckh?82|uls, (56)

where C is a positive constant independent of h, 6, and k.
Proof. The combination of estimates (51) and (A.17) leads to (56). a

As it will be checked in the following section, this estimate can be improved for oscillatory
solutions. Since they are solutions of the Helmholtz equation with smooth right-hand side f €
H'(0,1) with / > 1, duality stability estimates (analogous to that one described in [18, Theorem

3.2]) should be used to obtain a more accurate estimate (possibly independent of k).

8. Numerical Results

In this section, some numerical results are shown in order to illustrate how the PUFEM
discrete errors depend on the mesh size h, the wave number k, and the perturbation parameter
6. For this purpose, the boundary data are chosen in problem (1) to obtain u(x)= sin(kx) as the
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exact solution. Firstly, plots in Figure 1 illustrate the second-order accuracy of the PUFEM

interpolation errors
1072 ; —_— _— : — 101
SEaEamm e o]
10-3
104
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Figure 1: Interpolation H-errors of the PUFEM solution (computed when the exact solution is given by u(x) = sin(kx)),
plotted with respect to the mesh size but fixing the value of the perturbation parameter 6= 10-2 (left) or the wave
number k = 100 (right).

with respect to the mesh size h and the spurious perturbation parameter 8. It can be observed
that the error estimates obtained in Appendix A are sharp in terms of both parameters h and §,
and independent of the wave number value.

The relative error for the PUFEM discretization has been computed in terms of the H!-
seminorm. All the computations have been performed with 48 digits of precision using the
ADVANPIX toolbox [22], to avoid round-off errors and numerical instabilities coming from a high

condition number associated with the matrices involved in the discrete PUFEM linear systems.
1
Besides, the H- - relative errors have been computed using the approximation

|u=un|1 = (~un—=1"u)*Kn(~un-I"u), where ~upis the vector of degrees of freedom corresponding to
the PUFEM approximation up, Kh is the discrete stiffness matrix associated to the PUFEM method,
and~/"u is the vector of degrees of freedom corresponding to the PUFEM interpolation function
Inu of the exact solution u.

Plots in Figure 2 illustrate the second-order accuracy of the PUFEM approximation with
respect to the mesh size h and the spurious perturbation parameter 6. Moreover, Figure 2 also
shows the dependence of PUFEM relative errors on the wave number k. It can be checked that
the overall trend exhibited by the PUFEM relative error does not depend on the wave number
value. However, the position of the first peak in the error curves depends on the wave number
(moving to lower values of h as soon as k is increased). Also, the convergent second-order
behavior of the perturbation parameter & that holds in (51) for the PUFEM discretization can be
checked for H!-error curves.

Finally, the estimated 1-norm condition number [12] associated with the PUFEM discrete
matrix is shown in Figure 3. Two different behaviors are observed at pre-asymptotic (hk ' 1) and
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Figure 2: Approximation H-errors of the PUFEM solution (computed when the exact solution is given by u(x)=
sin(kx)), plotted with respect to the mesh size but fixing the value of the perturbation parameter §= 10-?(left) or the

wave number k = 100 (right).

asymptotic regime (hk 1) of order h~*and h-®, respectively. It can also be checked that the peaks
on the condition number correspond to the peaks, also presented in the approximation Herrors
reported in Figure 2.
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Figure 3: Condition number of the PUFEM discrete matrix plotted with respect to the mesh size but fixing the value
of the perturbation parameter 6= 10-2(left) or the wave number k = 100 (right).

9. Analysis extension to higher dimensions

The starting point for the pollution and numerical dispersion analysis of any kind of numerical
method in higher dimensions consists in the study of their numerical properties in a
onedimensional problem. Examples of such process can be found for instance in [13] and [1],
where the one-dimensional FEM problem is used as a stepping stone to analyze the two- or
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threedimensional case in uniform structured meshes (or tensor product meshes). The case of the
PUFEM method is not an exception, and the present contribution represents the first effort on
performing such one-dimensional analysis in the scientific literature.

The present work has two novel main ingredients in the PUFEM numerical analysis: (i) the use
of a global condensation procedure to split the discrete space between nodal-supported
functions and those others, which can be understood as “bubble”-like discrete functions, (ii) the
use of specific wave-like interpolation operator to obtain a plane-wave representation of smooth
solutions. Beyond the specificities of the one-dimensional computations, these two key
ingredients should be present in the dispersion analysis in higher dimensions.

10. Conclusions

In this work, a one-dimensional Helmholtz problem and its weak formulation have been
considered. The inf-sup continuous ans discrete conditions have been demonstrated. A plane
wave based PUFEM discretization in terms of exponential and trigonometrical functions has been
described. Two interpolation estimates have been proved, and from that, an a priori error
estimate for the approximation computed by means of the PUFEM discretization has been
deduced. The numerical results confirm the second order of accuracy of the PUFEM
approximation with respect to the mesh size h and the additional perturbation parameter & that
is stated in the error estimate. However, the error estimates obtained are not optimal with
respect to the wave number parameter. To obtain sharper estimates in terms of the wave
number requires a finer analysis on the spectrum of the PUFEM discrete matrix (and
subsequently, also on its condition number), which is not included in the scope of the present
work and it will be part of the topics of further research.

Additionally, it should be mentioned that the robustness and the numerical dispersion
analysis presented in this work are applicable to the numerical analysis of a domain
decomposition method [2] focused on the solution of vibrational problems in three-dimensional
trusses structures [30], which are forced to work in tension/compression. This three-dimensional
application is far from the scope of the present article and it will be part of a forthcoming work.
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Appendix A. Interpolation estimates

The design of an accurate interpolant-like operator for PUFEM involves two strategies, which
are going to be combined in order to obtain an accurate and computational efficient discrete
approximation of a given function. First, an interpolant-like operator will be defined for any mesh
size h, which will be qualified as pre-asymptotic. Second, for h small enough, a P2-based
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interpolant will be recast for the PUFEM discrete space, which will be identified as an asymptotic
interpolant. Finally, the combination of both approximations allows an accurate approximation
for the H'-projection in the PUFEM discrete space.

Appendix A.1. Pre-asymptotic interpolant-like operator

Any given function v € H2(0,1) has been split into two parts, traveling, respectively, to the
right (and whose intensity vector points towards the positive axis) and to the left. This splitting is
given by the differential operators involved in the Sommerfeld radiation condition, this is, forv €

c'(01),
T (v +ikv) — ﬁ (v —ikv) 1 0 o
(A.1)
| {z } | {z } right-traveling left-traveling
Then, the interpolant /pv € Xy is defined by
= Z—H(j_()((v'(xj)—!-ikv(xj)) w}-" — (v'(xj) —ikv(xj)) lpj_) 1 n Ly

(A.2)

From (A.2) and (8), it is immediate to check that

n ( ]) b
=S =0( (x)+v(x;)w,(x))

(A.3)

and hence, it holds lpv(x;) = v(x;) trivially.

However, despite of having used the point-wise values of the derivatives at the mesh nodes
Vvo(x), (lv)°(x) 6= vO(x;) and, moreover, lpv does not belong to C'(0,1). So, the point-wise
evaluation of the derivative of /v is not well-defined.

An unusual feature of the interpolant-like operator I, : H2(0,1)— Xnis that, in general, v, 6=
vi for a given v € Xp, as it can be shown considering vi(x) = e*(**®), In this case, for 6 =6 0, and
taking into account (A.2),

n

n S $
Z k—o—ﬁx,\pf # Z()(<]+2_k> i(k+8)x fllj] k k+8x’l|f )
J=

j=0 lpvh.

However, it is fulfilled that 1p(Xn) S Xn, In(Vh) € Vi, and also the following error estimate:

Lemma A.1. Under hypothesis (H1)-(H2), if u € V is a solution of the homogeneous Helmholtz
equation, then there exists the interpolant-like discrete function u,= lpu € X defined by (A.2) that
satisfies
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Cl
=it < |u— Lul; < ( k’ +Ch2) &|

inf ku—viko < ku—Ipuko <Ch262kuKo, vhexn (A.4)

infu|1, (A.5) vhEXh

where the positive constants C and C only depend on”¢.

Proof. Firstly, since u is the solution of the Helmholtz equation with null right-hand side, u €
H?(0,1), and so lpu is well-defined. Now, since ui = Ip,u € Xp, any restriction of u to the mesh
element [x;x;+1] should be written as a linear combination of basis functions in X, which are not
null on that element, this is, those functions multiplied by ¢;and ¢j+1. Hence, if x € [x;xj+1],

ui(x) =a1jP; (x)+o2j 1 (x)+azid; (x)+osipj+1(x)
= ajchi(X) €ik+8) (x-x) + qr2ighi+1 (X) €i(k+8) (x-x+1)

+q3jchi(X) €-i(k+8) (x—) + quajpiv1 (X) €-i(k+8) (x-x+1), for x € [x;x;+1].

Since the exact solution for the homogeneous Helmholtz equation is given by u(x)=Ae*+Be-,
from (A.2) it is easy to check that a1= Ae™, azj= Ae+1, a3;= Be-®™and aaj= Be-*+1for j
and so it holds

=0,..,n,

n—1
||M*Lt[||(2) < (‘A|2+|B|2) Z/ ‘elk,’( lax"P/(x) i(k+8)x _ f5¥,+l(p I(JC)(? i(k+8)x ‘

Xj+1

\ | dx.

X
=0 7j

The integrals in the previous sum can be computed explicitly, and it is immediate to check that
they are identical (the integrands are the square modulus of conjugate expressions) and
independent of the mesh element [x;x;+1], and the wave number k. For the trivial case (6 = 0), it
is direct to prove that their value is null. For 6 6= 0, it holds

/"';’ +1
Xj
2 5 4

INE ar=n- (44 ()
/o 3T T )0

and taking into account the identical contribution of the integrals in each element of the mesh,

1/5 4 h 4
— w2 < (AP + BP?) = ( 2h— —
Ju—uillg < (|AI°+] l)h(jih 62h+( BZh)cos(ﬁh)).

2
dx

PU e—i&rjq)j (x)ei(k—}—ﬁ).x —idxjy Qi1 (x) i(k+8)x

h—x iox X id(x—h)
e — he
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Now, using a Taylor expansion for the expression in the second term of the previous inequality
and (A.8), it holds

17 17C
e —war|§ < (AP + BI?) 5 8" < — =8 |ull§

360 — 360 (A.6)

and so (A.4) is proved.

In order to obtain (A.5), analogous arguments can be utilized to bound the H-seminorm of
u-u. In fact, for 6 6= 0, using straightforward computations on the integral contribution at each
mesh element and taking into account a Taylor expansion for the h-dependent expressions, it
holds

—2(k+8])sin(|3| 12
2

— 2 < (A2 Bz" 2 3?2 —
-} <(AP+ |)I§O(h+hk 4B~

| 4k2
- h)

2c08(3h) ( —7 + - Tren) ) S 00 ity 8
- COS(SM( 7ok TIoD +62h)) S0 ity oh |ul?. (A.7)

In the last inequality written above, it has been used that |6|/k < 1 (assumption (H1)), and an
analogous estimate to (A.8) for the H- seminorm, this is, k

21412 2 2
(IAI° +1B|) < Celuly Hence, estimate

(A.5) is obtained, with positive constants C = pCs/12 and C" = p7C£/72 independent of h, 6, and
k. a

Remark A.2. To obtain (A.6), it has been used
A+ |BI* < Cellul3, (A.8)

with C¢ > 0 depending only on €. This bound can be derived immediately since the exact solution is
given by u(x) = Ae™ +Be-*and so

1 : I o
||l[|(2]:/ | +Berkx2dx=/ (|A‘2+‘B|2+2RG(AB€21(”))
0 Aeikx 0 dx

= |A|2 +|B|2 —-Re(AB") sin(2k) —Im(AB7)cos

2k-1k Kk

2 1 1
> AP+ 8P~ JlAle > (1= ) (AP +188) > (1= 3 ) AP+ 18P)

J

where assumption (H2) ensures that 1-1/k is a monotonically decreasing function, bounded in
[€,+°°), and so satisfying the estimate (A.8) with Ce=1-1/¢.

Remark A.3. The pre-asymptotic interpolation procedure introduced above is based on a
planewave representation of the solutions of the Helmhotz problem. So, its extension to higher
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dimensions this kind of novel interpolants should be extended based on the Vekua’s theory [28].
More precisely, in the two-dimensional case, assuming that the preferred angles of incidence 9, |
= 0,..,M, are uniformly distributed in (0,2nt] (see Remark 3.1), and M is odd, then any smooth
function v could be split into M +1-terms as follows:

(M +1)Ik =0

withki = k(cos 6, sin 6", 1=0,... M. Hence, in the two-dimensional case the interpolant I,v €
Xnis given by
| )i f (v % (@) !
) Ve — 4 ikv(X; .
(V1) =—— TUR ==\ e+ 0 (¥)-,
(M

o

where~x;, j = 0,..,n, are the coordinates of the vertices in the mesh.

Appendix A.2. Asymptotic P2-based interpolant

In this subsection, an asymptotic interpolant /7 is introduced when the product h(k + |8]) is
bounded (which holds under hypothesis (H3)). The definition is based on the standard

A CABERAEIE

P2interpolant. Then, for a given v € H1(0,1), the interpolant Izv
Xnis defined by imposing

lav(x)) = v(x)) forj=0,..,n, (A.9)
Jy (xj- +x_,'+]) _ (x_j+x_,-+1)
/ 2 2 v

forj=0,.,n-1. (A.10)

Since these conditions form a set of 2n+1 linear equations, an additional equation is required to
have a well-posed linear problem with a unique solution (see Remark 7.2 for a detailed

discussion). Arbitrarily, it can be fixed "fbo —0. From (A.9), v¥;= v(x;). So, since 78 =0, it is necessary
to compute only y?;for j = 1,..,n-1. Then, taking into account (A.10) forj = 1,...,n,

(3o (5 o 18] s () 128)

which leads to

'b-1.
_ —2 Xj+Xj+ _Y_? . h
i ((k+5)h) (V< 2 ) gsin| (k+8)3 yforj=1,..n
2

© 2024 Computer Engineering. All Rights Reserved. Page 112




Computer Engineering Volume 13 | Issue 5 | Year 2024

ISSN: 10003428 https://journalofcomputerengineering.com/

Notice that, since h(k+6) < m, then the expression sin((k+6)h/2) will always be strictly positive,
and the coefficients y®;for j = 0,..,n are always well-defined.

Lemma A.4. If v € V is a solution of the homogeneous Helmholtz equation, then there exists a
constant C independent of h, k and & such that

kv-Ivko <Ch3k3kvKo, (A.11)
|v=12v|1 <Ch%*k?|v|a. (A.12)

Proof. Let IPZ be the continuous piecewise P?interpolant. Since v is a solution of the homogeneous

Helmholtz equation, v € H3(0,1) and hence, the order of approximation of this polynomial
interpolant is optimal in the sense that (see [18, Section 1.5])

kv="eavko +h|v="mav]1 <Ch3|v s, (A13)

whereC is a constant independent of h. Direct computations, analogous to those used in Lemma
A.1 (taking into account that v is a linear combination of sine and cosine functions and using the
Taylor approximations of the PUFEM local basis functions) allow us to prove

kv-lvko +h|v-12|1 <Ch3|v|3,

from which (A.11) and (A.12) follows by using that v is an oscillatory solution (and hence |v|3 <
Ck3kvkoand |v|3 <Ck?|v|1, being C a positive constant independent of k). O

Remark A.5. An analogous argument can be extended to higher dimensions to define an adequate
asymptotic polynomial interpolant. In the case of a PUFEM enrichment involving M +1 plane
waves (see Remark 3.1), then I, should be replaced by a P™-based interpolant with m = 2, where
m depends on M, and it must be selected to match the order of convergence of the pre-asymptotic
interpolant .

Appendix A.3. An accurate global interpolation procedure

Finally, the combination of the pre-asymptotic interpolant-like operator /, and the asymptotic
interpolant /, leads to an accurate global interpolant /s, with similar approximation properties to
those exhibited by the discrete projection operators. This new global operator /s : H}(0,1) = Xnis
given by Ipv = lpv if h(k +|8|) = it (pre-asymptotic regime) and Inv = Ipv +lov =llpv if h(k+|6|) < 1
(asymptotic regime under hypothesis (H3)). Due to the approximation properties of both
interpolant operators, it is easy to obtain estimates for this new operator /5 as follows.

Lemma A.6. Under hypothesis (H1)-(H2), if u € V is a solution of the homogeneous Helmholtz
equation, then it holds: if h(k+|8]) > m,

ku-1Ihuko <Ch?8%kuko, (A.14)
|u=Ihu|1 <Ch" 282|ul,, (A.15)

and, if h(k+|8|) < 1 (hypothesis (H3)),
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ku—Inhuko <Ch3k6%kuko, (A.16)
|u=Ihu|1<Ch” 28%|ul, (A.17)

where the positive constants C and C do not depend on h, k, and”b.

Proof. First, the case hk = 1 is considered. In this case, /n = Ip, which gives directly (A.14) from
(A.4). Estimate (A.15) follows from (A.5), since, for hk = m,

Ch . A
lu— Il < (? +C!12) < (C+CO)n*&|ul,
Then, the case h(k+|8|) <1 is considered. Using the fact that 2r/k is an upper bound of the mesh
size h, (A.4) implies

Cd
e Ipllo < CH*& lullo <, lullo

(A.18)
k
Then, |u— Iyul|lo = |\u— (Ipu+ hu— L Iu)|o=|(u— Iu) — L(u— Iu)|o taking into
account 2 the
definition of the operator /n and estimates (A.11) and (A.18),

Co
5 llullo = C*H*k8* |[ullo

— ,k

< CIK|u— Lyullo < CRIE

and hence (A.16) is obtained. Analogously, from (A.5) and since h < 2r/k,

2 Co
| SCH& |uly < ) ul,

lu=Ip| —_—
(A.19)
k
Then, taking u— Tuly = [u— (Lpu+ bu— biu)|y = [(u— Iyu) — h(u—Tu)|i into account
the 2 definition of
the operator In and estimates (A.12), and (A.19),
Cd
< Ch* P |u— Lyl < Ch*k? 5 luli= C?h*&%|ul,
_ ,k
and consequently (A.17) follows. a

Remark A.7. In view of the arguments used in the proof described above, the operator In can be
read as a correction of the interpolant-like operator Ip using the l>-interpolant of its approximation
error. More precisely, if en denotes the interpolation error made by lpu (i.e., en = u-Ipu) then the
value of the global interpolation under hypothesis (H3), this is, for h(k+|8|) < 1, is given by Inu =
Ipou+len. Hence, it is shown that In is an interpolant operator in Vi at the mesh vertices {x;}"j=0since
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() () = (Ipu) (%)) + (12en) O) = (o) () +en(x;) = u(x;).
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