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Abstract: We introduce multidimensional congestion games, that is, congestion games whose set
of players is partitioned into d + 1 clusters Co, C1, . . . , Cq. Players in Cy have full information about
all the other participants in the game, while players in C;, for any 1 < i < d, have full information
only about the members of Co U C;and are unaware of all the others. This model has at least two
interesting applications: (i) it is a special case of graphical congestion games induced by an
undirected social knowledge graph with independence number equal to d, and (if) it represents
scenarios in which players have a type and the level of competition they experience on a resource
depends on their type and on the types of the other players using it. We focus on the case in which
the cost function associated with each resource is affine and bound the price of anarchy and stability
as a function of d
with respect to two meaningful social cost functions and for both weighted and unweighted players.
We also provide refined bounds for the special case of d = 2 in presence of unweighted players.

Keywords: congestion games; pure Nash equilibrium; potential games; price of anarchy; price of
stability

1. Introduction

Congestion games [1-4] are, perhaps, the most famous class of non-cooperative games due to
their capability to model several interesting competitive scenarios, while maintaining nice properties.
In these games, there is a set of players sharing a set of resources. Each resource has an associate cost
function which depends on the number of players using it (the so-called congestion). Players aim at
choosing subsets of resources so as to minimize the sum of the resource costs.

Congestion games were introduced by Rosenthal in Reference [2]. He proved that each such a
game admits a bounded potential function whose set of local minima coincides with the set of pure
Nash equilibria [5] of the game, that is, strategy profiles in which no player can decrease her cost by
unilaterally changing her strategic choice. This existence result makes congestion games particularly
appealing especially in all those applications in which pure Nash equilibria are elected as the ideal
solution concept.

In these contexts, the study of inefficiency due to selfish and non-cooperative behavior has
affirmed as a fervent research direction. To this aim, the notions of price of anarchy [6] and price of
stability [7] are widely adopted. The price of anarchy (resp. stability) compares the performance of
the
worst (resp. best) pure Nash equilibrium with that of an optimal cooperative solution.

Congestion games with unrestricted cost functions are general enough to model the Prisoner’s
Dilemma game, whose unique pure Nash equilibrium is known to perform arbitrarily bad with

respect to the solution in which all players cooperate. Hence, in order to deal with significative bounds
on the prices of anarchy and stability, some kind of regularity needs to be imposed on the cost
functions associated with the resources. To this aim, lot of research attention has been devoted to the
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case of polynomial cost functions [8—17], and more general latency functions verifying some mild
assumptions [10,18,19]. Among these, the particular case of affine functions occupies a predominant
role. In fact, as shown in References [20-22], they represent the only case, together with that (perhaps
not particularly meaningful) of exponential cost functions, for which weighted congestion games [20],
that is the generalization of congestion games in which each player has a weight and the congestion
of a resource becomes the sum of the weights of its users, still admit a potential function.

1.1. Motivations

Traditional (weighted) congestion games are defined under a full information scenario—each
player knows all the other participants in the game as well as their available strategies. These
requirements, anyway, become too strong in many practical applications, where players may be
unaware about even the mere existence of other potential competitors. This observation, together with
the widespread of competitive applications in social networks, has drawn some attention on the model
of graphical (weighted) congestion games [23-25].

A graphical (weighted) congestion game (G, G) is obtained by coupling a traditional (weighted)
congestion game G with a social knowledge graph G expressing the social context in which the players
operate. In G, each node is associated with a player of G and there exists a directed edge from node i
to node j if and only if player i has full information about player j. A basic property of (weighted)
congestion games is that the congestion of a resource r in a given strategy profile . is the same for all
players. The existence of a social context in graphical (weighted) congestion games, instead, makes
the congestion of each resource player dependent. In these games, in fact, the congestion presumed by
player i on resource r in the strategy profile ,is obtained by excluding from the set of players choosing
r in s those of whom player i has no knowledge. Clearly, if G is complete, then there is no difference
between (G, G) and G. In all the other cases, however, there may be a big difference between the cost
that a player presumes to pay on a certain strategy profile and the real cost that she effectively perceives
because of the presence of players she was unaware of during her decisional process (We observe that
the model of graphical congestion games is sufficiently powerful to describe an alternative scenario
in
which players never perceive their real costs, which are perceived and evaluated by a central entity
only. In such case, the central entity aims at evaluating the global and real impact on the performance
of the game caused by the players’ strategic behaviour).

Graphical congestion games have been introduced by Bilo et al. in Reference [24]. They focus
on affine cost functions and provide a complete characterization of the cases in which existence of
pure Nash equilibria can be guaranteed. In particular, they show that equilibria always exist if and
only if G is either undirected or directed acyclic. Then, for all these cases, they give bounds on the
price of anarchy and stability expressed as a function of the number of players in the game and of the
maximum degree of G. These metrics are defined with respect to both the sum of the perceived costs
and the sum of the presumed ones.

Fotakis et al. [25] argue that the maximum degree of G is not a proper measure of the level of
social ignorance in a graphical congestion game and propose to bound the prices of anarchy and
stability as a function of the independence number of G, denoted by d(G). They focus on graphical
weighted congestion games with affine cost functions and show that they still admit a potential
function when G is undirected. Then, they prove that the price of anarchy is between J(G)(6(G) + 1)

and §G)(s(G) + 2 + P4 G)*+ 45(G))/2 with respect to both the sum of the perceived costs and the sum
of the presumed ones, and that the price of stability is between J(G) and 26(G) with respect to the sum
of the perceived costs.

1.2. Our Contribution and Significance
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The works of Bilo et al. [24] and Fotakis et al. [25] aim at characterizing the impact of social
ignorance in the most general case, that is, without imposing any particular structure on the social
knowledge graphs defining the graphical game. Nevertheless, real-world-based knowledge
relationships usually obey some regularities and present recurrent patterns: for instance, people tend
to cluster themselves into well-structured collaborative groups (cliques) due to family memberships,
mutual friendships, interest sharing, business partnerships.

To this aim, we introduce and study multidimensional (weighted) congestion games, that is,

(weighted) congestion games whose set of players are partitioned into d + 1 clusters Co, Ci, . . ., Ca.
Players in Cohave full information about all the other participants in the game, while players in C;, for
any

1 < i < d, have full information only about the members of CoU C;and are unaware of all the others.
It is not difficult to see (and we provide a formal proof of this fact in the next section) that each
multidimensional (weighted) congestion game is a graphical (weighted) congestion game whose
social knowledge graph G is undirected and verifies 6(G) = d. In addition, G possesses the following,
well-structured, topology: it is the union of d + 1 disjoint cliques (each corresponding to one of the d
+ 1 clusters in the multidimensional (weighted) congestion game) with the additional property that
there exists an edge from all the nodes belonging to one of these cliques (the one corresponding to
cluster (o) to all the nodes in all the other cliques.

We believe that the study of graphical games restricted to some prescribed social knowledge
graphs like the ones we consider here, may be better suited to understand the impact of social
ignorance in non-cooperative systems coming from practical and real-world applications. Moreover,
the particular social knowledge relationships embedded in the definition of multidimensional
(weighted) congestion games perfectly model the situation that generates when several independent
games with full information are gathered together by some promoting parties so as to form a sort of
“global super-game”. The promoting parties become players with full information in the super-game,
while each player in the composing sub-games maintains full information about all the other players
in the same sub-game, acquires full information about all the promoting parties in the super game, but
completely ignores the players in the other sub-games. Such a composing scheme resembles, in a
sense, the general architecture of the Internet, viewed as a self-emerged network resulting from the
aggregation of several autonomous systems (AS). Users in an AS have full information about anything
happening within the AS, but, at the same time, they completely ignore the network global architecture
and how it develops outside their own AS, except for the existence of high-level network routers.
High-level network routers, instead, have full information about the entire network.

Furthermore, multidimensional (weighted) congestion games are also useful to model games in
which players belong to different types and the level of competition that each player experiences on
each selected resource depends on her type and on the types of the other players using the resource.
Consider, for instance, a machine which is able to perform d different types of activities in parallel
and a set of tasks requiring the use of this machine. Tasks are of two types: simple and complex.
Simple tasks take the machine busy on one particular activity only, while complex tasks require the
completion of all the d activities. Hence, complex tasks compete with all the other tasks, while simple
ones compete only with the tasks requiring the same machine (thus, also with complex tasks). A
similar example is represented by a facility location game where players want to locate their facilities
so as to minimize the effect of the competition due to the presence of neighbor competitors. If we
assume that the facilities can be either specialized shops selling particular products (such as
perfumeries, clothes shops, shoe shops) or shopping centers selling all kinds of products, we have
again that the shopping centers compete with all the other participants in the game, while specialized
shops compete only with shops of the same type and with shopping centers.
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In this paper, we focus on multidimensional (weighted) congestion games with affine cost
functions. In such a setting, we bound the price of anarchy and the price of stability with respect to
the two social cost functions, which are the sum of the perceived costs and the sum of the presumed
costs. In fact, when multidimensional (weighted) congestion games are viewed as graphical
(weighted) congestion games with highly clustered knowledge relationships, the sum of the perceived
costs is more appropriate to define the overall quality of a profile: players decide according to their
knowledge, but then, when the solution is physically realized, their cost becomes influenced also by
the players of which they were not aware. Hence, under this social cost function, the notions of price
of anarchy and price of stability effectively measure the impact of social ignorance in the system. On
the other hand, when multidimensional (weighted) congestion games are used to model players
belonging to different types, the perceived cost of a player coincides with the presumed one since
there is no real social ignorance, even if the fact that players can be of different types allows for a
reinterpretation of the model as a special case of graphical (weighted) congestion games. Hence, in
such a setting, the inefficiency due to selfish behavior has to be analyzed with respect to the sum of
the presumed costs.

We determine general upper bounds for the price of anarchy and the price of stability as a function

of d. For the sum (VR (AT 4) = of the presumed costs, we show that the price

of anarchy and 4/d1a stability of weighted games are at mostand 2,
respectively. Instead, for the sum of the
\/'

perceived costs, the results of Reference [25] yield upper bounds of d(d +2+  d* + 4d)/2 and 2d
for the price of anarchy and the price of stability, respectively.

Then, we investigate the case of unweighted games with d = 2 (i.e., bidimensional
congestion games) in higher depth and provide refined bounds. In
particular, we prove that price of anarchy is 119/33 ~ 3.606 with respect
to the sum of the presumed costs and it is 35/8 = 4.375y with respect
to the sum of the perceived ones, and that the price of stability is betweeny (' +357 ~ 1.618
and v1 + 2/ 7 =~ 1.756 for the sum of the presumed costs as social cost

L.3. Paper Organization

Next section contains all formal definitions and notation. In Section 3 we discuss the existence of pure
Nash equilibria in multidimensional weighted congestion games. In Sections 4 and 5, we present our bounds
for the price of anarchy and the price of stability, respectively. Finally, in the last section,
we give some concluding remarks and discuss open problems.

2. Model and Definitions

For an integer n = 2, we denote [n] :={1, 2, ..., n}. In a weighted congestion game G, we have n players
and a set of resources R, where each resource r € R has an associated cost function .. The set of strategies for
each player i € [n], denoted as S;, can be any subset of the powerset of R, that is, ;S 2. Each player i € [n] is
associated with a positive weight wi> 0. Given a strategy profile 6 = (03, . . ., 0n), the congestion of resource r
in g, denoted as n-(o), is the total weight of players choosing r in g, that is, n-(6) = Yie[n).reoi Wi. The perceived
cost paid by playeriin ois ci(0) = Sresi r(n:(0)). An unweighted congestion game (congestion game, for brevity)
is a weighted congestion game in which all players have unitary weights. An affine weighted congestion game
is a weighted congestion game such that, for any r € R, it holds that “/(x) = a:x + 8/, with ar, 8,2 0; the game is

linear if ;=0 for any r €R.
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function, and between (5 + 17)/4 ~ 2.28 and 2.92 for the sum of the perceived
ones. These results are derived by exploiting the primal—dual method
developed in Reference [11].

A preliminary version of this paper has been presented at SIROCCO 2012 [26].

For any integer d 2 2, a d-dimensional weighted congestion game (G, C) consists of a weighted
congestion game G whose set of players is partitioned into d + 1 clusters Co, Cy, . . ., Ca. For a player i, we
denote by f(i) €{0, ..., d} the cluster she belongs to. We say that players in Coare omniscient and that players

in G, for any i € [d], are ignorant. Given a strategy profile g, we denote by nj(g) the total weight of players

belonging to G;who are using resource r in g. The presumed cost of a player i in o is ¢*/(6) = 3r€o r(nrfih(0) +
nr,0(0)) if she is ignorant and ¢”i
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Yeoi H{nA6)) = ci(o) if she is omniscient. A d-dimensional weighted affine congestion game is a pair
(G, C) such that G is an affine weighted congestion game.

Given a strategy profile ,and a strategy s € S; for a player i € [n], we denote with (,—;, 5) the
strategy profile obtained from , by replacing the strategy o; played by i in , with s. A pure Nash
equilibrium is a strategy profile ,such that, for any player i € [n] and for any strategy s € S;, it holds
that ¢"(6—i, s) = (o).

Let X be the set of all possible strategy profiles which can be realized in (G, C). We denote with
NE(G, C) c X the set of pure Nash equilibria of (G, C). Let SF : £ — R>be a
social cost function measuring the overall quality of each strategy profile in £. We denote with , a
social optimum of (G, C) with respect to SF, that is, a strategy profile minimizing the social cost
function SF. We consider two social cost functions, namely, the (weighted) sum of the presumed costs
of all players and the (weighted) sum of their perceived ones denoted, respectively, as Pres and Perc.
Technically, they assume the following expressions:

Pres(s) =Y wic'{o)
i€[n]
=Y wi Y (arnr(o) cc,  reo {,( ( ) ) + pBr) +
> wi ), ar nrfli)(o) +
nr,0(e) + pr

i i€/Co r€od !

- r;f{ (a rn,0(c) Y, nei(6) + i, 0(e

j=0d d d :

+ Z (oz rmr,0(6) 3 nrj(e) + ar Y. nr.j(e)2 + prY. nrj(o)
reR j=1 J=1 j=1

|
d d d )
= (ﬁr (;}”r,j(o')z + 2?1,,}0(0’) Zi ?’Ir,j((f)) + By Z H,.J‘((T) 3
J= 1=

€R j=0
,

and
(0) = Z wi E (arny(e) + Br) = Z (arnr(a}2+ﬁ,n,(g-)) '

i€[n] i€ln] r€oi rER

Perc(c) = Y. wici

For a fixed social cost function SF, the price of anarchy of (G, C), denoted by PoA(G, C), is the

ratio between the social value of the worst pure Nash equilibrium of (G, C) and that of a social
_ SF(e)

optimum, that is, Pod'9C) = MAXCENE(G.0) SFe). The price of stability, denoted by PoS(G, C),

R SF(7)
considers the best case, so that PoS(g’C) — MMreNeGL) SF(o),

3. Existence of Pure Nash Equilibria

In this section, we prove that multidimensional unweighted (resp. weighted affine) congestion
games are graphical unweighted (resp. weighted affine) congestion games defined by an underlying
undirected social knowledge graph. This allows us to use a result in Reference [24] (resp. [25]) stating
that these games are potential games, thus admitting pure Nash equilibria.
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A graphical weighted congestion game (G, G) consists of a weighted congestion game G and a
directed graph G = (N, 4) such that each node of NV is associated with a player in G and there exists a
directed edge from node i to node j if and only if player i has full information about player j. The
congestion presumed by player i on resource 7 in the profile 6 is n7.{6) = Y penreop iples Wy + wiand
the presumed cost paid by player i in 6 is ¢(6) = Y,ew An"id(0)). A graphical weighted affine
congestion game is a pair (G, G) such that G is an affine weighted congestion game. The independence
number 5(G) of (G, G) is the cardinality of a maximum independent set of graph G.

A function @ : ¥ 7R is a weighted potential function for a graphical weighted congestion game

(G, G), if for any profile ,, any player i € [n] and any strategy s € S, it holds that ®(;) — ® (45—, 5) =
a{c"{s) — s, 5)) for some a; > 0; if a;= 1, @ is an exact potential function. In Reference [24] (resp.
[25]), it is shown that each graphical unweighted (resp. weighted affine) congestion game (G, G) such
that G is undirected admits an exact potential function (resp. weighted potential function).

The following result shows that d-dimensional weighted congestion games are a subclass of
graphical weighted congestion games.

Proposition 1. Each d-dimensional weighted congestion game is a graphical weighted congestion
game whose social knowledge graph is undirected.

Proof. Fix a d-dimensional weighted congestion game (G, C). We define a graph G = (N, 4) such that
each node in N is associated with a player in G and there is an undirected edge {u, v} € A4 if and only
if either u, v € C;for some 0 < i < doru € Co. We show that, for any strategy profile ,of G and
for any i € [n], ¢"(0) = (o).

Consider first an omniscient player i € Co. In (G, C), it holds that

A YET: FET: .
e €0; €0; pelnl:rec,

(o) = Z b(ne(0)) = E by ( E wp)

while in (G, G), it holds that

| I U

cie) =Y Wnie)) =Y VoY wytrwin =Y oY weo, r€oir€ci pEN:r€ap, {i,p}EA

r€ai peln):reop

where the last equality follows from the fact that, by construction of G, it holds that {i, p} € A4, for
any
p € [n] with p 6=1i.

Next, consider an ignorant player i € C;for some j € [d]. In (G, C), it holds that

(o) = E Er(n,.,f(,-)(cr) +n,0(0)) = Z . ( E wp)

cAi reo; reo; pngUCj:revp

b

while in (G, G), it holds that
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o) =Y U i6)) =X oY wptwin =Y w0 X wpr, r0ir0i pEN:r€ap, {i,pYEA 1oi
pECWCi:r€ap

where the last equality follows from the fact that, by construction of G, for any p € [n] with p 6=1, it
holds that {i, p} € 4 ifand only ifp € CoU C;. O

Each game admitting an exact or weighted potential function always admits pure Nash equilibria.
Hence, by Proposition 1 and the existence of an exact (resp. weighted) potential function for graphical
unweighted (resp. weighted affine) congestion games with undirected social knowledge graphs,
we have that d-dimensional unweighted (resp. weighted affine) congestion games always admit pure
Nash equilibria.

For weighted affine games, the potential function assume the following expression:

d(0) = E (ﬂfr( E EU?+ Z )+ﬁr E w,-) wiwp
reR ie[n)ireo; {i,p}eAreane ien)ireo; '

0o | O

2 _ .
= "1lYarlsdnrj? + Y w + 2ny0(0) an(o’) JVZﬁrZ”r,}(O') . (1)
d O d O
(o)
2reR j=0 i€[n):r&, j=1 j=0
4. Bounds for the Price of Anarchy
In this section, we provide an upper bound for the price of anarchy of multidimensional weighted

affine congestion games as a function of d.

Fix a pure Nash equilibrium ,and a social optimum ., thus fixing the congestions 7, () and 7,5 )
for each i € [n] and » € R. The pure Nash equilibrium condition implies that no player lowers her
presumed cost by deviating to the strategy she uses in , . For any player i € Co, this yields

Y (owndo) + ) — ¥ (alnfe) +w) +p) <0, (2)

r€aoi rE€o;*

that is a necessary condition satisfied by any pure Nash equilibrium (The
equilibrium condition yields the stronger inequality e
co\o? (@rnr(@) + Br) — Lreor\o; (@r(nr(e) +wi) + Br) < 0 S0 that inequality
Lreo (@rmr(0) + Br) — Lreor (ar(nr(0) +wi) + fr) <0

For weighted games, by using w; < n,0(;") for any » € R and i € [n] such that » € ¢;, by multiplying

is a relaxation of the equilibrium condition.).

(2) for wiand summing it for each i € Co, we get

d ) i
ZI:(({X m06) 3 myj(e) + fra0(c) — . (nm(g HEJHW(U)) P armg * " nn0(°)

<0, (3) re j=0

that is a further necessary condition satisfied by any pure Nash equilibrium. For unweighted games,
we simply fix w;= 1 for any i € [n] and sum the inequality for each i € Cy, thus getting
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d d'
r;{ (“ ., 0(6) Y. n.j(e) + prn.0(c) — () (1 + !-;)nr"i (0)) al arnp " n,,0(c7)
< 0. (4) '
j=0

For any player i € C;, withj € [d], the equilibrium condition yields

Y ar n.f(6) + n,.,O(‘T)) +h) - L (= nri(6) + n,00) + w;) + Br) <0

rEoi rEo*

For weighted games, again, by using w; < n,(,") for any » € R and i € [n] such that » € a;, by
multiplying this inequality for w;, and by summing it for each i € C;, we get

z (a,.nr,](a) (n,.,j((r) + nrlg(a)) + ,erzi(g) _ arnrJ(g*) (nr'}-{o') + (o) + n,,’f{g—ac)) _ 'Brnr,j(m)) <0.
r€ER

By further summing for each j € [d], we obtain

d
d (C’}(“r(”r,j(‘f)+”r,0(‘7)+.3r))_Z(”r,j(ff*)(“r(”r,j("')+’7r,0(‘7)+”r,;(f’*))+5r)))<0’ (5)
=1

XX nry
reR j=1

For unweighted games, by setting w;= 1, and by summing the equilibrium constraint for any i € [#]
and j € [d], we analogously get

Y (f (ur,j(a) (zxr(frrj((r) +1pp( )) i (n, (@) (rtr(n,,,j(a) +npp(e) +1) + ,Br))) <0. (6)

reR \ j=1 j=1

In the sequel, for the sake of conciseness, we adopt k., and /,; as short-hands for n.,(s) and n,/(c"),
respectively.

Theorem 1 provides an upper bound for the price of anarchy of multidimensional weighted affine
congestion games with respect to social cost function Pres.
Theorem 1. For each d-dimensional weighted affine congestion game (G, C),

G.0) < (Vd+4+Vd)(Vd- Vd+4d+d+4)
PoA 4/d+4

under the social cost function Pres.

<d-+2

Proof. Let ;and ;" be a worst-case equilibrium and a social optimum of (G, C), respectively. Let k.=
k0, . . ., kna), L= (1,0, . . ., L,,4), and let P = (ps,)ijera1u10; be the (d + 1)x(d + 1) binary matrix such
that: (i) p;;= 1 if either i =, or i = 0, orj = 0; (ii) p;;= 0 otherwise. By summing inequalities (3) and
(5), we get the following compact inequality involving the product between vectors, matrices, and
scalars:
!

( (ky-P- k) +5r2k” a (L Pkl 41, 5,21,1 y< 0

(7) €R j=0 -

r
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V-
Let @ = (¢i))ijela1uioy be the (d + 1) x (d + 1) matrix such that: (i) g;;=d if i =J; (ii) g;;= 1 if either i =
0, orj = 0, with (i, /) 6= (0, 0); (iii) ¢;;= 0 otherwise. As 0 < p;;< ¢, for any i, j we have that
LP- k"<l Q- k' (8)

We have that matrix @ is a symmetric positive-semidefinite matrix (see Lemma Al in the Appendix
A for the proof of this fact), thus, the following inequality holds for any u > 0:

1 1 T T
0< (\/H-krfm-z,.) Q- (\/ﬂ-k,—m-l,-) =k Qk 1 Qd — Qo (9)1
T T
V-
Finally, as 0 < ¢;;<d - p;;for any i, j, we have that
A
x-0-x'< d-x-P-x (10)
for any vector x = (xo, . . . , Xx4) of non-negative real numbers. By exploiting (7), (9), and (10), for any
fixed u > 0 we get
( T L)
Pres (0) =2 "ar(ke-Pokp)+pr Y kyjl
[ reR j=0
0 [
d
<>Ular(lr - P krt +lr - 'D)+pr Y. Irj (11) reR j=0
[
d
ZR E } < oar(lr - P k"+lr - P 1L.DY+Br 1)
€ 0
<) |« 1 d
rCR k- QK 4+ — -1, - -l,.T-i—Ir-P-l,T)—i— YL
r (” © ¢ bt (12)
4" J=0
d
<y (ar (\/E‘u,-k,--P-kI+ (;ﬁ—kl) -1,.P‘1I) +,6,-le-\
reR " j=0 0 (13)
’ v T . 0 O
\/’_ d . + . 1 4 .
<d - u-Yor(lr - P - IrT)tpr Y,
Irjrl
rj=0
V- (¢) + (4—‘/3 + 1) :
= " d - u - PresPres(,), (14)

where (11), (12), and (13), come from (7), (9), and (10), respectively (Inequalities (11)—(14) can be
stated within the smoothness framework of Roughgarden [19v], and show that multidimensionaly
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weighted affine congestion games are (A, u)-smooth with 2 = 4%+ 1 and u = d - u for any u > 0.).

Finally, by manipulating (14), we get
/ VAN

PoA(G, C)=Pres______ Pres((66.),) < ™01 —4"W+41.,=( d+4+d)\(Nad:- sd+4+d
+4), (15)

thus showing the claim. A simpler upper bound of d + 2 can be obtained by setting u = VL in (15). 0
2d

Relatively to the social cost function Perc, the following upper bound is derived as a corollary of
a result in Reference [25].

\/
Corollary 1. For each d-dimensional affine congestion game (G, C), PoA(G, C) < dd+2+ &
+ 4d)/2 under the social cost function Perc.

Proof. Theorem 2 of Reference [25] states that 5(G)(5(G) + 2 + Ps(G)*+ 45(G))/2 is an upper bound for
the price of anarchy of any graphical congestion having independence number d(G). As the graphical
congestion game equivalent to (G, C) has independence number equal to d, the claim follows. O

5. Bounds for the Price of Stability

In order to bound the price of stability with respect to the social cost function Pres, we consider
a pure Nash equilibrium that minimizes the potential function ® defined in (1), which leads to the
following upper bound.

Theorem 2. For each d-dimensional weighted affine congestion game (G, C), PoS(G, C) < 2 under
the social cost function Pres.

Proof. Let ;and ,* be a pure Nash equilibrium minimizing the potential function ® defined in (1), and

let 5 be a ; ; g social optimum. We have
( (
that (0’} = Z (a‘r (z k%u,- + Zkr,o Z kw‘) + B Z k,,,]' '
reR j=0 j=1 j=0 :
Pres
\ 'd dd
<MUloar Y kR2rj+ Y wi2 +2kr,0 Y. krj | +28rY krj|
rER j=0  i€ln]:r&,i j=1 j=0

=2-d(,)(16) <2 - () (17)

= Xr:a \ar \Zlﬁf-ij ) ,2+21r,qu Ir,j} +2ﬁer Im'}
|

d dd
w(18)
re j=0  €lnlres =1 =0
d d d
< ¥ (a,, (2 Y IR+ 20Y, 1,,,—) +26, Y 1y
reR j=0 j=1 =0 1
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d d d
(s (v tr) o S
2y =0 -1 i—0

rER

<

= 2 Pres(,), (19)
where (17) holds since , minimizes @, and (16) and (18) hold by exploiting (1). By (19), we get

Q’,C)<M<

Pos'97€) = Fresle) =2, and the claim follows. O

Relatively to the social cost function Perc, the following upper bound is derived as a corollary of
a result in Reference [25].

Corollary 2. For each d-dimensional affine congestion game (G, C), PoS(G, C) < 2d under the
social cost function Perc.

Proof. Theorem 6 of Reference [25] states that 2d(G) is an upper bound for the price of stability of
any graphical congestion game having independence number J(G). As the graphical congestion game
equivalent to (G, C) has independence number equal to d, the claim follows. O

6. Bounds for Bidimensional Unweighted Games

In this section, we investigate in more detail the case of unweighted affine games with d = 2, that
is, bidimensional affine congestion games, and provide refined bounds for the price of anarchy and
the price of stability under both social cost functions. The technique we adopt is the primal-dual
framework introduced in Reference [11].

6.1. Price of Anarchy

We first consider the price of anarchy. Let (G, C) be an arbitrary d-dimensional unweighted
congestion game, and let , and , be a worst-case equilibrium and a social optimum of (G, C),
respectively. For SF = Pres, we get the following primal linear program LP(Pres, 4, + ) in variables
(ar, Br)rer, whose optimal solution provides an upper bound to PoA(G, C):

! max 'S ¢ d d
. a{,. Z ki’,j + Zkr’U Z kf’,j + ﬁy Z k,-}j

r€R
s.t.
J d
Z « - a‘rlr’g (1 + ka‘) - ﬁﬂ',-’g) <0
A i rkr,QY krj+ =0
LA g0 e TAN-L =0 “)“‘W) =0
R ’ =1
d d d d
(oz,- (Z IEJ +2ho Y lr,j) +8: Y 1,,,]-) =1
j=0 j=1 j=0 krj ar(krj + FkrOlrj
or(krj + kr,0
re j=1
2
r€R ar, fr = 0 Vr € R.

The optimal solution of the above linear program is an upper bound to the price of anarchy as the
objective function is equal to Pres(,), the first two constraints are the pure Nash equilibrium conditions
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derived in (4) and (6), respectively (which are necessary conditions satisfied by any equilibrium), and
the last normalization constraint imposes without loss of generality that Pres(,') = 1 (When applying
the primal dual method, we observe that, once ¢ and ¢” are fixed, the coefficients (a,) ez and (5)-er are
chosen in such a way that the value Pres(e) = Pres(o)/Pres(¢”) is maximized, thus getting an upper
bound on the price of anarchy. We also observe that (a,)er and (5,).er are the unique variables in the
considered LP formulation, and the other quantities (e.g., the congestions) are considered as fixed
parameters (w.r.t. the LP formulation). See Reference [11] for further details on the primal-dual
method and how to apply it to measure the performance of congestion games under different quality
metrics.).

By associating the three dual variables x, y and y, with the three constraints of LP(Pres, 4, + ), the
dual formulation DLP(Pres, 4, + ) becomes

min y
S.t.
X
d d d
(20 ki) = Yk 42
/=0 =1 /=0
d d d
kr,() Z kr,j - Ir,() - lr,ﬂ Z kr,j + Yy Z (kr,j(kr,j + kr,()) - lr,j(kr,j +
i=0 j=0 i kot 1)
d
kr,Q Y, kryj Vr€ R
j=1
d d d x(kr,0 — Ir,0) Vr € R
+y Xlkrj = Irj) +y% Irj = 3 kry
J=1 =0 ;=0
x,y= 0.

By the Weak Duality Theorem, each feasible solution for DLP(Pres, 4, ') provides an upper bound to
the optimal solution of LP(Pres, 4, + ), that is on the price of anarchy achievable by the particular choice
of sand ,". Anyway, if the provided dual solution is independent of this choice, we obtain an upper
bound on the price of anarchy for any possible game.

For the case of the social cost function Perc, we only need to replace the objective function and
the third constraint in LP(Pres, ¢ & "), respectively, with

d 2 d d 2 d
Xy kyil +Br) kyj A Lil +Br .
2( (Z ,) L ) E( (F ,) L andirj =1,

This results in the following dual program DLP(Perc, 4, +):
min y
s.t.
d dl'd
xkr,0 Y krj— Ir,0 — Ir,0 ¥ krjty ¥ krjlkrj+ kr,0) — lrjlkrj+kr,0 + 1))
J=0 J=0 J=1
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d 2 d 2
+y (Z fr,j) > (Z kr,j) Vr€R
=0

j=0
d d d x(kr,0 — Ir,0)
+y Slkrj— lr) +yY Irj =Y krj Vr€R
J=1 =0 ;=0
x,y= 0.

Note that the second constraint is the same in both DLP(Pres, 4, ') and DLP(Perc, 4, + ). For the sake
of conciseness, in the sequel, we shall drop the subscript » from the notation; moreover, when fixed a
dual solution, we shall denote the first and second constraint of a given dual program as gi(k, ) = 0
and g (k,I) = 0, respectively, where we set k= (ko, ...,k andl=(L,. .., Ls).

When d = 2, we exploit an equivalent, but nicer, representation of the dual inequalities. With this
aim, we set k,:= n(¢) and [, := n.(¢") and replace k,,0 and /,,0 with k, — k.,1 — k.2 and [, — [,,1 — [,.2,
respectively. By substituting and rearranging, DLP(Pres, 4, » ) becomes

min y

S.t.

x ((kr — k1 — k2)kr — (Ir — 1,1 — 12)(kr + 1))

+y (ke 1 (kr = kr2) = L1(k— k2 + 1) + ke 2(ke — k1) = 120k — kil +

1))
2 2
Al (Z” 2lr,llr,Z) =k 2kr,lkr,2 Vr€R
xtkr— k1 — k2 — L+ 1,1 +1,2) + y(ke 1 + ked — 1,1 — [,2) + 9, > k.Vr € Rx,y
> 0.

Similarly, the dual program DLP(Perc, 4, ') can be rewritten as:
min y
S.L.
x ((kr — k1 — ke 2)kr — (Ir — 1,1 — 12)(kr + 1))
+y (ke 1(kr — k,R) — L, 1(kr — k.2 + D+ k200 — k1) — L.,2(kr — ki1 + 1) 4pl% >
k.vr € Rx(kr — k1 — k2 — Ir+ 1,1 + 1.,2)+ y(ky, 1 + k,2 — 1,1 — [.2)+ylr = kr Vr
ERx,y=>0.

In the following theorem we provide upper bounds for the price of anarchy of bidimensional affine
congestion games under social cost functions Pres and Perc.

119
Theorem 3. For each bidimensional affine congestion game (G, C), PoA\Y9.C) = 35 under the social

35
cost function Pres and PoA9:C) < ¥ under the social cost function Perc.

We now show the existence of two matching lower bounding instances (the proof is deferred to
the Appendix).

Theorem 4. There exist two bidimensional linear congestion games (G, C) and (G°, C°) such that
119 35
PoA(G, C) > 33 under the social cost function Pres and PoAl9"C") Z F under the social cost

Sfunction Perc Appendix B.
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6.2. Price of Stability

In order to bound the price of stability, we can use the same primal formulations exploited for
the determination of the price of anarchy with the additional constraint ®(,) < ®(,"), which, by
Equation (1), becomes

d d
( (E(kz ke =12 = 1) + 2k ) ke~ 2[r021rf)+2ﬁ,2(k” I)

€R j=1

!
2 <0.
p

Hence, the dual program for the social cost function Pres becomes the following one.

min y
s.t.

= 0 T 1)

d d d
(kr,() Zkr,j - lr,O - lr,(} E kr,j) + y Z (kr,j(kr,j + kr,O) - Ir,j(kr,j +
X —| =

=1 d
kr,0 Y krj Vr€ R
j=1
d d d d x(kr,0 — Ir,0) +y Y(krj Vr€R
— lrj) + 2z 3 (krj— Irj) +yX lrj = Y krj
=1 =0 =0 j=0

x,y,z=0.
Again, for the social cost function Perc, we obtain mutatis mutandis the following dual program.

min y
S.t.

d d
(Z (kz + k [r}) + 2kyp Z kr:j — 210 Z lr,j
i—1

j=0 j=

d
(kf()zkr] r, rl] Zkr}) +yz r; k j+kr,0) _lr,j(kr,j+

j=0 0+ 1)

+z

d 2 d 2
+7 Z Ir,j = Z kr,j
=0 j=0 Vr€R

d d d d x(kr,0 — Ir,0) +y Y(krj VreR

—lr)+ 223 krj— Irj)+yX lrj =Y krj
=1 =0 =0 j=0
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x,y,z=0.

Again, by setting k, .= n,(¢) and [, .= n,(¢") and replacing k.o and I.o with k, — k.1 — k.pand I, — [,,1

— 1,2, respectively, DLP(Pres, o, 6°) becomes

min y
s.t.
x ((kr — k1 — k. 2)kr — (Ir — 1,1 — L2)(kr + 1))

+y (o 1k — knR) — L1k — k2 + 1) + ke 2(ke — k1) — 12k — ki1 + 1))

2 _ _ 2 _ 2 _
(7 2k — 2 s R )+ (1 21,,1zr,2) 2R =2 2 VreR
o= kL — kn2 — Lt Iu1+0,2) + (k] + ko2 — 1,1 — 1,2) + 22(k — 1) + I, Vr€ R
> kx,y,z= 0.

Similarly, the dual program DLP(Perc, 4, » ) can be rewritten as:
min y
s.t.
x ((kr = k1 — k& 2)kr — (Ir — 1,1 = 1,2)(kr + 1))
+y (ke 1 (ke — k) — L1k — k2 + 1) + £, 2(k — k1) — 12(k— ki1 + 1))
21— U1k — L2+ 20,10,2 Hhe = 1) F Y 2K v € Rx(ky— kL — k2 — L+ 1,1
+1,,2) + y(kr, 1 + k@ — 1,1 — 1,2) + 2z(k,— I,) + y[,.= k,Vr € Rx,y,z= 0.
Theorem 5. For each bidimensional affine congestion game (G, C), PoS(G, C) < 1 + V2 under the
social cost

7
function Pres and PoS(G, C) < 2.92 under the social cost function Perc.

. . 1, 1
Proof. For the social cost function Pres, set ,= 1 + V2, x=y=+land z — 2T 375 . The

second
7 7
dual constraint is always satisfied, as min{x, y} = 1 and max{x, y} + 2z < ,. Thus, we shall focus

again on the first constraint gi(k, I) = 0. For any r € R, gi(k, [) becomes

Vo Vo Ve Vv V-
(3 = T)— k2l =1 — T)+ 2kika( 7 — 3)+ 2(kib+ kol )HP = I3 + T7)— 2LL(3 + 7) > 0.

The claim follows by applying Lemma A9 reported in the Appendix A.

For the social cost function Perc, set y =2.92, x = 0.68, y = 1.3 and z = 0.81. Again, the second
dual constraint is always satisfied, as min{x, y} > 1 and max{x, y} + 2z < ,. Thus, we shall focus
again on the first constraint gi(k, I) > 0. For any r € R, gi(k, [) become 49k> + k(62k + 62k> — 681
— 621 — 625+ 81) + 130kil>+ 130kals — 422kiko + 2112 — 1497 + 2(8141, — 311, — 31h) = 0.
The claim follows by applying Lemma Al3 reported in the Appendix A. 0O

For these cases, unfortunately, we are not able to devise matching lower bounds. The following
result is obtained by suitably extending the lower bounding instance given in Reference [17] for the
price of stability of congestion games (the proof is deferred to the Appendix).
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Theorem 6. For any .> 0, there exist two bidimensional linear congestion games (G, C) and (G°, C°)

1+v5 . . vy 54+/17
such that PoS(9/C) 2 =37 —, under the social cost function Pres and PosSt9,C") = =5 —
the social cost function Perc.

e under

7. Conclusions and Open Problems

We have introduced d-dimensional (weighted) congestion games: a generalization of (weighted)
congestion games able to model various interesting scenarios of applications. They can also be
reinterpreted as a particular subclass of that of graphical (weighted) congestion games defined by an
undirected social knowledge graph whose independence number is equal to d. We have provided
bounds for the price of anarchy and the price of stability of these games as a function of d under the
two fundamental social cost functions sum of the players’ perceived costs and sum of the players’
presumed costs. We have also considered in deeper detail the case of d =2 in presence of unweighted
players only.

Closing the gap between upper and lower bounds is an intriguing and challenging open problem.
In particular, we conjecture that the upper bound of O(d) for the price of anarchy of d-dimensional
weighted congestion games is asymptotically tight (with respect to d), even for unweighted games.

Along the line of research of improving the performance of congestion games via some feasible
strategies or coordination (e.g., taxes [27,28] or Stackelberg strategies [29,30]), another interesting
research direction is partitioning the players into d + 1 clusters similarly as in d-dimensional games,
to improve as much as possible the price of anarchy or the price of stability.

A further research direction is that of combining the model of multidimensional congestion
games with other variants of congestion games (e.g., risk-averse congestion games [31-34] and
congestion games with link failures [35-37]).
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Appendix A. Technical Lemmas

In this section we gather all technical lemmas needed to prove our main theorems.

A
Lemma Al. For any d = 0, let Q = (qij)ijelaluio} be the (d + 1) x (d + 1) matrix such that: (i) q;j=d
ifi=j; (ii) qij= 1 if either i = 0, or j = 0, with (i, j) 6= (0, 0), (iii) qi;= 0 otherwise. We have that Q is

a positive-semidefinite matrix.

Proof. To show the claim, we resort to the Sylvester’s criterion, stating that a symmetric matrix M is
positive-semidefinite if and only if the determinant of each principal minor of M (i.e., each upper
upper left h-by-h corner of M) is non-negative. Let A= (anx,ijeln be a b x h matrix such that:

(1) anxij=xifi =j; (ii) anxiy= 1 1f (i, ) 6= (1, 1), and, either i = 1, or j = 1; (iii) anx,;= 0 otherwise.
We have that each principal minor of matrix @ is of type Ah,ﬁ, for some & € [d + 1]. Thus, it is
sufficient showing that the determinant of matrix Ah,t,, denoted as Det("h,J_d), is non-negative for any

he [d+1].

© 2025 Computer Engineering. All Rights Reserved. Page 44



Computer Engineering Volume 14 | Issue 11 | Year 2025

ISSN: 10003428 https://journalofcomputerengineering.com/

We first show by induction on integers # > 1 that Det(A4.)=x"— (h — 1) - x"~* for any fixed
x € R. If 1 =0 we trivially get Det(4s.) =x=x"— (h — 1) - X"* Now, we assume that Det(A45.) =
x"— (h — 1)x"* holds for some # > 1, and we show that Det(4y1.)=x""— h - x""*. We get
Det(An1,x)=x - Det(Apx)— X"t =x(x" —(h — 1)x"?) = X1 =x""1— h - ¥~ where the first equality
comes from the Laplace expansion for computing the determinant, and the second equality comes
from the inductive hypothesis.
(h—1) v

By using the fact that Det(A4;.) =vx" — x"* holds for any x € R and any

integer
h> 1, we have that Det(4,"_) = (d)'— (h— 1)( d"*> 0 for any h € [d+ 1], where they

last inequality holds since quantity x — (A — 1)x"~* is always non-negative for any x > h — 1 if &

< d+ 1. Thus each principal minor of Q has a non-negative determinant, and the claim follows.

Lemma A2. Let o: 7550 = Q be the function such that f(a, b, ¢, d, e, ) = 18a*— a(b+c+51d — e —
f) +50bf+ 50ce — 34bc + 119d*> — 51d + e + f — 238ef. For any (a, b, ¢, d, e, f) € Z%so such that a
> b+candd = e+f it holds that o(a, b, c,d, e, f) = 0.

Proof. At a first glance, in order to use standard arguments from calculus, we allow the 6-tuples (a,
b, ¢, d, e, f) to take values in the set of non-negative real numbers.

We first show that, in such an extended scenario, 8 attains its minimum for 6-tuples (a, b, ¢, d, e,
/) such that b = ¢ and e = f. Consider to this aim the 6-tuple (a b,b+h,d,e, e+ k), where h, k R.

By definition of 6, we get 0(@b+30+5 4 o +5.e+35)=0u b b + h d e e
k) - 1712 50.’1A+119k <Ha. bob+hd e etk - (41— 10k) <O, b, b+ hde.eth).

Hence, we do not lose in generality by restricting to 6- tuples of non-negative real values

(a, b, b, d, e, e) such that a > 2b and d > 2e. In this case pbecomes 18a> — a(2b + 51d — 2¢) — 34b*
+

100be + 119d*> — 51d — 238¢” + 2e. Consider the two partial derivatives 55 = 100e —2a — 68} g

50 _ . .
o = 2(a+50b+1—238¢) gince they are linear and decreasing in b and e, respectively, it follows that

— — —d p— —
6 is minimized at one of the following four cases: b= 0/ e = 0,6 =0Ae=5,b=5Ne=04pq

p=35Ne= g
In the first case, gbecomes 18a*> — 51lad + 1194*> — 51d. Since sa 52 = 36a —51d, 0 is minimized at
2 .
a =11, By substituting, sbecomes & 5 (663d — 4084) which is always non-negative for any d € Z.

.80 _ S
In the second case, gbecomes 364> — 100ad + 1194*> — 100d. Since 5 = 304 — 50d, 8 is minimized
ata = 4z
Z\{1,2}.254 . By substituting, gbecomes 9 5(223d* — 450d) which i 1s always non- negatlve for any d €
In the third case, # becomes 2 F(a° — 6ad + 14d* — 6d) Since 57 = 17(a —3d), 0 is minimized at a
= 3d. By substituting, ybecomes 2 F(5d% — 6d) which is always non-negative for any d € Z W {1}.
(17a — 50ad + 1194% — 100d) ¥ —17a—254,0;

. ot
In the fourth case, 8 becomes 2 Since da 1s minimized

d
ata = 2157 By substituting, @ becomes 17 5 (6994* — 850d) which is always non-negative for any d € Z
w {1}
Hence, in order to complete the proof, we are left to settle the following cases: (a, 0, 0, 1, 0, 0),
(a,0,0,2,1,1),(a,0,0,1,1,0), (a,0,0,1,0, 1) (@35 1, 1,0y (&35 1,0,1) and (a, 4 4 1,0,
0).
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In the case (a, 0, 0, 1, 0, 0), ybecomes 18a> — 51a + 68 which is always non-negative for any a
€ R. In the case (4,0, 0,2, 1, 1), ybecomes 184> — 100a + 138 which is always non-negative
for any a € Z. In the cases (4,0,0, 1, 1,0) and (a, 0, 0, 1, 0, 1), ybecomes 184> — 50a + 69

which is always non-negative for any ¢ € R. In the cases (a5, %, 1,1, 0) and (a,5, %, 1,0, 1), ¢

174%—50a+138
becomes 2

which is always non-negative for any « € R. Finally, in the case (4 33
, 1,0,0), gbecomes Y (a* —6a+8) which is always non-negative for any a € Z W {3}. Hence, we
are only left to consider the case (3, b, c, 1, 0, 0) for which ybecomes 77 — 34hc
— 3(b+c¢). Since b+ ¢ < 3, it holds that 77 — 34bc — 3(b + ¢) = 68 — 34bc which is

always non-negative since bc < 2 for any b, c € Z>psuchthatb+c¢ < 3.0

Lemma A3. Let ,: Z>>0 = Q be the function such that )(a, d) = a* — 3ad + 5d&° — 3d. For any (a, d)
€ Z’>0 such that d 6= 1, it holds that (a, d) = 0.

A 3 _ Lo
Proof. Since & =2a-3d,A is minimized at a = 2d. By substituting, we get 11d> — 12d which is
non-negative for any d € Z W {1}. O

Lemma Ad. Let ;: 7Z*>0 — Q be the function such that (a, d) = a* — 6ad + 14d* — 6d. For any
(a, d) € Z*so such that d 6= 1, it holds that J(a, d) = 0.

. A . c e .- C oy
Proof. Since 51 = 24 — 6d, A s minimized at a = 3d, By substituting, we get 5@> — 6d which is non-
negative forany d € Z W {1}. O

Lemma AS. Let ;: Z>>0 — Q be the function such that ,(a, d) = 20a> — 84ad + 259d* — 168d. For

any (a, d) € Z*so, it holds that )(a, d) = 0.

A — 40q — 84d, A

21
Proof. Since 3 is minimized at a = Tod. By substituting, we get 614> — 60d which is

non-negative for any d € Z. o

Lemma AG6. Let ;: Z*>0 — Q be the function such that ,(a, d) = 13a* — 21ad + 354> — 21d. For any

(a,d) € Z%sq, it holds that (a, d) = 0.

) A . C e 21 .- .
Proof. Since 5 — 264 — 21d, A is minimized at a = %d. By substituting, we get 1974% — 156d which
is non-negative for any d € Z. O

Lemma A7. Let g: 70 — Q be the function such that o(a, b, c, d, e, f) = Ta*+ 3a(2b + 2c¢ — 5d — 2e
2f) + 21bf + 21ce — 42bc + 354> — 15d — 6e — 6f For any (a, b, c, d, e, f) € Z°so such that a > b
+candd = e+ f it holds that ((a, b, c, d, e, f) = 0.

Proof. At a first glance, in order to use standard arguments from calculus, we allow the 6-tuples

. . o8 _ _
(a, b, c, d, e, f) to take values in the set of non-negative real numbers. Since 3c ~ 3(2a — 14b + 7e)

$=3(7b—2a-2),9

and

is minimized at one of the following four cases: ¢ = 0 A f=0,c=0 A f=d —

€,
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c=a—bAf=0andc=a—bAf=d—e.

In the first case, we get o= 7a*+ 3a(2b — 5d — 2e)+ 35d* — 15d — 6e. Slnce % =160,0 i
minimized at b = 0 which yields 9= 7a*> — 3a(5d + 2¢) + 354> — 15d — 6e. Since 75’ = —6(a+1),0
is minimized at e = d which yields o= 7(a* — 3ad + 5d* — 3d). The claim then follows for any d 6= 1
by applying Lemma A3. For the leftover tuples of the form (a, 0, 0, 1, 1, 0), we get 9= 7(a* — 3a + 2)
which is always non-negative for any a € Z.

In the second case, we get y= 7a>+ 3a(2b — Td) + 7(3b(d — e) + 5d* — 3d). Since %6, = 3(2a +
7(d — e)), pis minimized at b = 0, which yields y= 7(a* — 3ad + 5d&° — 3d). The claim then follows
for any d 6= 1 by applying Lemma A3. For the leftover tuples of the form (@, 0,0, 1, e, 1 — ¢), we
get 0 ="7(a*— 3a + 2) which is always non-negative for any a € Z.

In the third case, we get = 13a> — 3a(14b + 5(d — e)) + 42b* — 21be + 354 — 15d — Be. Since

(52 —7b—2),0 4 rnlmrnlzed at either e =0 or e = d. For e = d, we get y= 13a*> — 42ab +
42b2 21bd + 3548 — 21d. Since 55 = —21(20 —4b +d), 8 s minimized at b= 37, This yields 0
=20a®>— 84ad + 2594 — 168d and the claim then follows by applying Lemma AS5. For e = 0, we get
s= 1322 — 3a(14b + 5d) + 420+ 354 — 15d. Since 55 = 42(2b — 1), € s minimized at b = »*which
yields y= 5(a* — 6ad + 14d* — 6d) and the claim then follows for any d 6= 1 by applying Lemma A4.
For the leftover tuples of the form (a, 5%, 2%, 1, 0, 0), we get 6 = 3(a* —6a+8) which is always non-
negative for any a € Z W {3}. Hence, we are still left to prove what happens for
the tuples of the form (3, b, 3 — b, 1, 0, 0). In this case, we get p=42b>*— 1265b + 92 which
is always non-negative for any b € Z.

o In the fourth case, we get o= 13a> — 21a(2b +d — e) + 7(6b*+ 3b(d — 2e) + 5d* — 3d). Since
G = 21(a—2b), 0 is minimized at either e =0 or e = d. For e = 0, we get y= 13a*> — 21a(2b + d) +
7(6b*+ 3bd + 5d* — 3d). Since ab = —21(2a — 4b — d), 0 is minimized at either b= 0 or b = 2” !
The first case yields = 13a> — 21ad + 35d° — 21d and the claim then follows by applying Lemma
A6, while the second one yields ¢ and the claim then follows by applying Lemma AS. For e = d, we
get o= 13a° — 4lab + 7(6b* — 3bd + 5d* — 3d). Since % = —21(20—4b+4), 0 ;

minimized Dz at b”which yields “and the claim then follows by applying Lemma AS.

Lemma A8. Let A : Z*>0 — Q be the function such that Ma,d) = 2 \/_ a® + (1+ V7 —2d)a + (3 +

VI)(§ —d) For any (a, d) € Z%s0\ {(0, 1), (1, 1), (1, 2)}, it holds that ,(a, d) = 0.

_2d—1—+/7
Proof. Since (m =B+ V7)a-2d+1+V7,A; is minimized at eithera=0o0ora  3+v7 .

In the first case, 4 becomes 2 d(d —2) which is always non-negative for any d € Z>o\ {1}.
In the second case, ; becomes 2(B(V7 = d? +2d(V7 - 7) + ‘/7 ) Wthh is always non-

negative for any d € Z>¢\ {1, 2}. For the leftover case d = 2, Abecomes 2 ?+ (V7 = 3)g which is

always non-negative for any ¢« € Z W {1}. For the other case d = 1, ; becomes
3723{7}12 + (V7 —1)a— 3+2,(7

which is always non-negative for any a« € Z W o {0, 1}.
: "
_ Lemma A9 Let 0 : Z°50— Q _ be the _ function such thatyO(ay, b, c, d, e, f) =
(3 — 7) —ad—1— 7) +

2bc( 7 — 3) + 2(bf+ce)+ (d*— d)(3 +T7) — 2(3 + 7)ef. Forany (a, b, ¢, d, e, f) € Z°o such that
a=b+candd=> e+f it holds that a, b, c,d, e, f) = 0.
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Proof. Note first, that for 6-tuples of the form (0, b, c, 1, e, f), it holds that =0, sincea=0=>b=c
=0and d =1 = ef =0, for 6-tuples of the form (1, b, c, 1, e, f), it holds that 4= 2(1 + bf + ce) > 0,
since a =d = 1 y= bc = ef =0, and for 6-tuples of the form (1, b, c, 2, e, f), it holds that 6 =
2bf+2ce — 2(3 + Tlef+ 2(3+ 7) >0, sinced=2=¢f< 1. Hence, in the sequel
of the proof, we avoid to consider the casesa=0Ad=1,a=d=1landa=1Ad
=2.

At a first glance, in order to use standard arguments from calculus, we allow the 6-tuples

5 _
(a, b, c, d, e, f) to take values in the set of non-negative real numbers. Since it holds that 5c — 2(b (\/_ -

o _ -
3)+e)and éf 20— (V7 + 3)e)’@is minimized at one of the following four cases: ¢ =0 A /=0, ¢
=0Af=d—ec=a—bAf=0andvc=a—vbAf=d—e.v

In the first case, we get p= (3 —  7)a®+ ( 7+1-— 2d)a_+ B+ I(d* — d). The
claim follows by applying Lemma A8, since § > A.
Voo V.
In the second case, we gety = (3 =7)a*+ ( 7+ 1 — 2d)a+ (3 + 7)(d&* —vd) + 2(dv— e)(b —
3+ 7)e). Sincevs =2(@ ), 0 ig minimized atvh = _ 0, which yieldsve = (3v-
T)a2 + ( 7T+1-

2dya+ (3 + 1) — d) — 2(d — e)(3 + 7T)e. Since %.= 4(3 + 7)e — 2d(3 + 7), »is minimized for e
2

= % In this case,  becomes (3= V7)a? + (V7 +1-2d)a+ (3+V7) (di — ) The claim follows by

applying Lemma A8, since 6 > 1. vy v

vIn the third case, we get 0 = (3— 7)a*+(  7+1+2e —2d)a +(3+ INd* —d)y+2b*(3— yT)+

2b((7 — 3)a— _ ey). Since vis minimized forye = 0, which yields _ 6y= (3 — 7)a*y+(
7+

1-2da+QB+7)(d—d)+2b(3 —T7) + 2ab( 7 — 3). Since %5,= 4(3 — 7)b — 2a(3 - 7),
pis minimized for » = . In this case, 0 becomes . The claim follows by applying Lemma A8, since 6
2VA. VY - -

_ _ vIn the fourth case, we gety 0=(3 —yNa*+(7+1+2e— 2d)a+ 3+

INd?— d)+2b*(3 —

7) + 2( 7 — B)ab+2bd — Abe+2(3 + 7). Since 5 = 23— V7)b+2(V7 —3)a+2d — e, 0 ;g

B—VTa*2e~d por p =0, ,becomes (3 = — V1) +
(V7 +1 + 2¢ — minimized at either b=0orb -
v oV 2(3— 7)

80 =24 23+ V7)d+4(3+7)e, 0

2d)a+ 3+ T)(d*— d)+2(3 +7)e%. Sinceis minimized
J J J
at eithere=0ore=(* N4 In these two cases, sbecomes, respectively, (3 - 7)a?+( 7+
23+ 7)
1 - 2d)a+ 3+ 7)(d*— d)and which are always
\/
non-negative because of Lemma A8 and the fact that 4> ;. For b = (3_7)0‘/+2e_d,

becomes

R(3-17)
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SN2 4 (VT+1—d)a+ B3+ V7)(3E —d) — B+ VT)de+ B+ V7). Gince 3¢ = 3+ V7)(2e—d)

D . 37
0 is minimized at eithere =0 or e — 2 In these two cases, 8 becomes, respectlvely, ra? +
(V7 +1-d)a+ 3+ V7) (3 —d) yng 27+ (V7 +1-d)a+ 3+ V7)(§ ) which are always
non-negative because of Lemma A8 and the factthat 6 > 4. O

B

Lemma A10. Let : Z*>0 = Q be the function such that )(a, d) = 49a* + a(81 — 130d) + 211d> —
211d.

For any (a, d) € Z°so, it holds that J(a, d) = 0.

Proof. Slnce 5(1 = 98a —130d + 81, A ig minimized at either a =0 or a = BOd ol

In the first case, ; becomes d(d — 1) which is always non—negatlve forany de Z.

6561 L .
In the second case, 1 becomes A3057d — 2537) — 5= \which is always non-negative for any d €

Z W {0, 1}. For the leftover case d =0, ;becomes 494>+ 81a, which is non-negative for
any a € R. For the other case of d=1,,becomes a(e — 1) which is non—negative
foranya€eZ.0O

Lemma Al1. Let : Z*s0 — Q be the function such that ,(a, d) = 11a*+ a(81 — 68d) +422d> — 298d.
For any (a, d) € Z*so, it holds that J(a, d) = 0.

i
Proof. Since oa = 2220 —2(68d — 81), A jg minimized at either a =0 or a = 68‘1181.
In the first case, , becomes d(211d — 149) which is always non—negative for any
de Z.

In the second case, A becomes d\99 + 3869) — “* which is always non-negative for any d€ 7>
\ {0}. For the leftover case of d = 0, , becomes 114>+ 162a which is non-negative for any ¢ *R.O

bbol

Lemma A12. Let ;: Z*>0 — Q be the function such that )(a, d) = 2321a*+ 422a(81 — 65d) + 848174*
— 89042d. For any (a,d) € Z*s0\ {(0, 1)}, it holds that ,(a, d) = 0.

__ 65481
Proof. Since én = 46420 — 422(65d — 81), A is minimized at eithera=0o0ra = ~— 11 .

In the first case, , becomes 84817d* — 890424 which is always non-negative for any d € Z W {1}.

In the second case, ; becomes d(5189d + 155296) — 13837 which is always non-negative for

any d € Z=o\ {0, 1}. For the leftover case d = 0, ; becomes 11a*+ 162a, which is non-negative for

4225
any a € R. For the other case of 4= 1, ;becomes o114+ 32) = 57 which is non- negative

forany a € Z>,\ {0}. O

Lemma A13. Let g: Z°>0 = Q be the function such that (a, b, c, d, e, f) = 49a*+ a(62b + 62¢ — 68d
— 62e — 621+ 81) + 130bf+ 130ce — 422bc +211d° — 149d + 162¢f — 62e — 62f. For any (a, b,
c,d, e, f) € Zososuch thata > b+ candd > e+f it holds that o(a, b, c,d, e, f) = 0.

Proof. At a first glance, in order to use standard arguments from calculus, we allow the 6-tuples
50
(a, b, c, d, e, f) to take values in the set of non-negative real numbers. Since it holds that %? = 62a —
0 _ _ _
42b + 130e and of — 2(31a — 65b — 8le + 31), 6 is minimized at one of the following four cases: ¢
=0Af=0,c=0Af=d—e,c=a—bAf=0andc=a—-bAf=d—e.

In the first case, we get y= 49a*>+ a(62b — 68d — 62¢ +81) + 2114 — 149d — 62e. Since %=
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—62(a + 1), gis minimized at e = d, which yields y= 49a* + a(62b — 130d + 81) + 211d* — 211d.

Since 5 = 624, 8 is minimized for b = 0. In this case, g becomes 494+ a(81 — 130d) + 211d* —
R11ld.

The claim follows by applying Lemma A10.
In the second case, we get 9= 494>+ a(62b — 130d + 81)+ 130b(d — e)+ 211d* + d(162e —
211)— 162¢%. Since § = 62a+130(d —e), 8 jg m1n1mlzed at b = 0, which yields 9= 49a*+ a(81 —

130d) + 211d*+ d(162e — 211)— 162¢%. Since 3¢ 5 = 162d —324¢, 0 is minimized at either ¢ = 0 and
e = d. In both cases gbecomes 49a*> + a(81 — 130d) + 211d?> — 211d and the claim follows by
applying Lemma A10.

In the third case, we get o= 111a*> — a(422b + 68d — 68e — 81) + 422bh* — 130be + 21147 — 149d

62e. Since 5 = —422a+844b —130¢, 0 i5 minimized at b = 42 ¢, which yields y= 23214 +
422a3¢ + 81 — 68d) + 8904248 — 628784 — 4225¢2 — 26164e. Since

% = 1266a — 8450¢ — 26164, 0 5 minimized at either ¢ = 0 or e = d. For e =, p becomes 11a°
+2a(81—68d)+4224> —298d and the claim follows by applying Lemma A11. For e = d, ybecomes
2321a*+ 422a(81 — 65d) + 84817d> — 89042d and the claim follows for any 6-tuple (a, b, c, d, e,
/) such that (a, d) 6= (0, 1) by applying Lemma A12. Hence, we are left to consider the 6-tuples of the
form (0, 0, 0, 1, e, 0). In this case ybecomes 62(1 — e) which is always non-negative since e €
{0, 1}.

In the fourth case, we get o= 111a* — a(422b +130d — 130e — 81) + 42267+ 130b(d — 2e) +

211d*+ d(162e — 211) — 162¢°. Since § = 4220+ 844b +130(d — 2¢), 6 ig minimized at cither b

 211a—65(d—2¢)
=0orb ™ T. For b =0, gbecomes 111a> — a(130d — 130e — 81)+ 2114+ d(162e —

30
211)— 162¢2. Since s — 1304 +162d —324e, 0 i minimized at either e = 0 or e = d. In these two
cases, 6 becomes, respectively, 1114’ + a(81 — 130d) + 2114 — 211d and 111a*+ 8la + 211d* —

211d which are always non-negative because of Lemma A10 and the fact the & > 1. For b
_ 2la—65(d-2)
= 7422 - Y becomes

2321a> + 422a(81 — 65d) + 84817d* + 2d(42632¢ — 44521) — 85264¢% Since
90 — 85264d — 170528¢, 0

is minimized at either e = 0 or e = d. In both cases, ybecomes 2321a>+ 422a(81 — 65d) + 84817d>
— 890424 and the claim follows for any 6-tuple (a, b, ¢, d, e, f) such that (a, d) 6= (0, 1) by applying
Lemma A12. Hence, we are left to consider the 6-tuples of the form (0, 0, 0, 1, e, 1 — e). In this case,
sbecomes 162(1 — e) which is always non-negative since e € {0, 1}. O

Appendix B. Missing Proofs

Theorem A1l (Claim of Theorem 4). There exist two bidimensional linear congestion games (G, C)
and

119 35
(G, C% such that PoA'9.C) = 35 under the social cost function Pres and PoA9"C") = ¥ under the
social cost function Perc.

Proof. For the social cost function Pres, consider the game (G, C) depicted in Figure Ala). First, we

show that ,is a pure Nash equilibrium for (G C) that is, no player can lower her perceived cost by

switching to her optimal strategy. Player 1 is paying 27 - 2 +46 = 100; by switching to 71, she pays 7
“4+18-4=100. Player 2 is paying 27 - 2+ 42 + 56 = 152; by sw1tch1ng to 72, she pays 17 - 4 +21
-4 =152. Player 3 is paying 27 - 2 + 42 = 96; by switching to 73, she pays 7 - 4 + 17 - 4 =96. Player

4 is paying 27 - 2 + 46 + 56 = 156; by switching to 7%, she pays 18 4+21-4=156.

Player 5 is paying 7 - 3+ 17 - 3 + 21 - 3 = 135; by switching to U5, she pays 27 - 5 =135. Player
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6 is paying 7 - 3+ 18 - 3 +21 - 3 = 138; by switching to T6, she pays 46 - 3 = 138. Player 7 is paying
7-3+18-3+17-3=126;by sw1tch1ng to 97, she pays 42 3 =126. Player 8 is paying 18 - 3+ 17
-3 +21 - 3=168; by switching to 7%, she pays 56 3=168.

The price of anarchy of (G, C) is then lower bounded by the ratio

100 + 152 4+ 96 + 156 + 135 + 138 + 126 + 168 _ 1071 _ g
254+ 38424439 +27 + 46 +42 +56 T 297 T 33,

For the social cost function Perc, consider the game (G°, C°) depicted in Figure A1b). First, we show
that ,is a pure Nash equilibrium for (G° C°), that is, no player can lower her perceived cost by
switching to her optimal strategy. Player 1 is paying 1418 + 958 + 189 - 2 =2754; by switching to oy
, she pays 918 - 3 =2754. Player 2 is paying 616 + 221 + 189 - 2 = 1215; by switching to 2, she pays
405 - 3 =1215. Player 3 is paying 1418 + 616 + 189 - 2 =2412; by switching to 03, she pays 804 - 3
=2412. Player 4 is paying 958 + 221 + 189 - 2 = 1557; by switching to 77, she pays 519 - 3 =1557.

Player 5 is paying (918 + 405 + 804) - 2 = 4254, by switching to 75, she pays 1418 - 3 =4254. Player

6 is paying (918 + 519) - 2 = 2874; by switching to 7, she pays 958 - 3 = 2874. Player 7 is paying
(405 +519) - 2= 1848; by sw1tch1ng to 7, she pays 616 3 =1848. Player 8 is paying 804 - 2 =1608;
by switching to 78, she pays 221 - 3 + 189 - 5 = 1608.

By noting that the perceived cost of the first four players is exactly twice their presumed one, the

price of anarchy of (G°, C°) is then lower bounded by the ratio
2. (2754 + 1215 + 2412 + 1557) + 4254 + 2874 + 1848 + 1608 26460 35

1418 + 958 + 616 + 221 + 189 + 918 + 405 + 804 + 519 T 6048 8.
O
a) b)
players resources players resources
X | x Q|0 X| X x|O
_E:l X[ XX 0lo _?1_ x| x|x| |O
C X x| [©] |© c. X X X O
_2 Ixx x| ol o _2 x| XX ©)
O X X | X O X[ x| x
O X | X X @] X X
Co O] [x[x|x Co O x| |[x
Q| [x|x|x [o][®) X
latencies 27 46 42 56 7 18 17 21 latencies 1418 958 616 221 189 918 405 804 519

Figure Al. The games depicted in figures (a,b) represent the lower bound instances w.r.t.
the social cost functions Pres and Perc, respectively. Each column in the matrix represents
a resource of cost function (x) = ax whose coefficient a is reported at the bottom of the
column. Each row 7 in the matrix models the strategy set of player i as follows: circles
represent resources belonging to o;, while crosses represent resources belonging to a;".

Theorem A2 (Claim of Theorem 6). For any .> 0, there exist two bidimensional linear congestion

games
(G, C) and (G, C°) such that PoS\9-C) ) =>4 f ~.under the social cost function Pres and PoS(G°,
C’) > 5+\/_ e under the social cost function Perc.

Proof. Let (G, C) be a bidimensional linear congestion game such that |Cy| = noand |Ci| = |C3| = n1.
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Each player i € C, U C; has two strategies o;and ;", while all players in Co have the same strategy s.

There are three types of resources:

. . . (x) = mA2np+1+y . o
e njresources 7;, i € [m], each with cost function ;\¥) = 2 X, where p is an arbitrarily

small positive value. Resource 7;belongs only to ¢;";

Rl

e m(m — 1) resources "%, i, j € [m] with i 6= j, each with cost function’” (¥) = 3 jj x.

Resource ";? belongs only to ¢;and to o;";

«  one resource 7 with cost function 00 (x) = 1. Resource r* belongs to , for each i € [n] and to
5.

Let ,(resp. ) be the strategy profile in which each player i €/ Cyplays strategy o; (resp. o). The
cost of each player i € C;, withj € {1, 2}, for adopting strategy o; when there are exactly
h players in C; adopting the strategy played in ,(and thus there are n; — / players in C; adopting the

: 20, —h—1

strategy played in 7") 18 costy(h) = F— +no+p, Similarly, the cost of each player i € C;for

adopting strategy o;" when there are exactly 4 players in C; adopting the strategy played in , is

ny+2ng+1+y + .’11+l’!—1
2

costgr(h) = . Since for any 4 € [ni], it holds that costox(h — 1) > costs(h), it

follows that ,is the only pure Nash equilibrium for (G, C).
The price of stability of (G, C) is then lower bounded by the following ratio

ni(m — 1) + 2ni(m + no) + no(2ni1 + no)

ai (1 +2n0 +1+7) +ny(ny — 1) + nj

. . e — 1445 145
which, for no going to infinity and n1 = ~ 2 "0, tends to ~ 2 .
Let (G° C°) be a bidimensional linear congestion game such that Co= @, | Ci| = n1 and |Ca| = na.

Each player i € C; has two strategies o, and o;", while all players in C; have the same strategy s.

There are three types of resources:

. . .y — mtlyy . o
e mresources 7;, i € [n1], each with cost function’r; () = == x, where y is an arbitrarily small
positive value. Resource r;belongs only to o;';
i . . .y — 1.
e m(m— 1) resources ", i, j € [n] with i 6= j, cach with cost function’ (x) = 3 ij x.

Resource ";° belongs only to ¢;and to o;";

«  one resource #° with cost function 00 (x) = 1. Resource r* belongs to , for each i € [n] and to

S.

Let +(resp. +) be the strategy profile in which each player i €/ Coplays strategy o (resp. o). The
cost of each player i € C for adopting strategy o; when there are exactly % players in C; adopting the
strategy played in , (and thus there are n, — & players in C) adopting the strategy played in ;') is

21y —h—1
coste(h) = 5=+ Similarly, the cost of each player i € C; for adopting strategy o;" when there

_ m+1l4y nm+h-1 .
=72t 73— Since for

are exactly / players in C) adopting the strategy played in ,is €?5te* (1)
any & € [n], it holds that cost,x(h — 1) > cost,(h), it follows that ,is the only pure Nash equilibrium
for (G°, CY).

The price of stability of (G°, C°) is then lower bounded by the following ratio

gni(n —1) + (m +mp)?
Ini(n+1479) + 3n(m — 1) + n%,
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5

. . . ) _ 1617 14
which, for n, going to infinity and n1 = — 4 "2, tendsto — 4 . O
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