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1 Introduction

Fractional differential equations has gained much attention
in literature because of its applications for description of
hereditary properties in many fields, and some progresses
controllability,

were gotten in computation methods,

existence etc. for fractional differential equations [1-6].

Moreover, impulsive fractional (partial) differential
equations were widely studied [7-29] due to importance in
description of some processes in which sudden,

discontinuousjumpsoccur,andgeneralsolutionhasbeen

(111 cporaxt) = fit, x(2), (1.1a)

1 ge(1,2),te(sy tira], k=
0,1,..,N,

x(t) = gult, x(t)), t € (te, s, k=1, 2, ..., N, (1.1b)

l x(0) = X0, X (0) = Xo, Xo,%o €R, (1.1¢)

here‘po.?is the Caputo fractional derivative of order g. f: [0,

Tl x R > R and g : (t, s x R > R are some appropriate

functions, and gx denote non-instantaneous impulses, and
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g'k(sk, x(sk))exist (here k=1, 2, ..., N),and0 = to=so< t1< s1<
t2<...<tySsysty1=T.

Next, let us introduce the concept of the fractional
derivative and some conclusions in Section 2, and provide
main result in section 3, and give an example to show the
usefulness of the obtained result.

2 Preliminaries

Definition 2.1 [39]. The left-sided Riemann-Liouville fractional
integral I,°.xof order p(p > 0) for functionx is defined as

t

lap+x(t) = [(1p) [ tt=xtreHrp dr (t >a, p > 0),
a where (') is
the Gamma function.

Definition2.2[39].TheCaputofractionalderivative ¢D9,+x of order

g(g > 0) for a function xcan be written as

1 " ox (1) (n)
Cq r(n_q)/ (t_-r)q+l-n

(t) =dt Do+x

a

= (Ig;‘?D”x)(t), t>a, whereD = d/dt
andge(n-1,n).

Lemma 2.3 [39, 40]. If the function g(t, x) is continuous, then the
initial value problem

‘DI, x(t) = g(t,x(t)), gc(n-1,n),n=1
x®(a) = xk, k=0,1,2,...,n-1.

’

is equivalent to the following nonlinear Volterra integral
equation of the second kind, x(t) = Yn-1 k! 11 [t (t - T)g-19(T,
x(1))dr.

xa(t-a)k+ (q)

k=0 a

Lemma 2.4 [31]. Let £ and lbe two constants. The impulsive
system

{ | CDD+qX(t) :f(tl X(t))l
| ge (1,2, tej=[0,Th t=tlk=1

AX|t=tk= I (X(tfk)) ,
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|| ax| =T (x(8)), k=1,2

| t=t,
| k | x(0)=x0, Xx(0)=xo
(2.1)
is equivalent to the integral equation
[ X0 T Xol+ F(q) JO (t-s)" fdsfortEJo
| k k
X0+ X0t + 2 [{x(t7)) + 2(t - ) I{x(t)) =1

1t
—— t
1 | || T Jo g-1fds

x(t) = sz [€1{x(t=i)) + T li(x(t-1))]

I - 1 fi
I {Tfl) [,0 (ti-s)
q—lde
|+ /i ¢-s)7fds - [} (t-s)7 fds,

111Ut riegmtnn fou (2 s)a-2fds} for t € sk, 1 <k <m. (2.2)

provided that the integral in (2.2) exists. Here Jo= [0, t1] and Jx=
(te, 1] (k=1, 2,..., m).

3 Main result

For convenience, letf = f(t, x(r)) in this section. Consider

condition (1.1a) in system (1.1) by using two different
approaches:

() {cooafor(te) =€ (fslkt, ol ))]., - {

CDsqfOrHX(tt) =€ (ka(ltlth+1(t))]-l

o 2O = x50+ X (st =50+ i [, (6= 1)
for t € (), tysql.
q_lfdtr
(3.1)

(ii) {CDo+for‘7x(tt) =€ (sfl(xt, txk+1(t))] ,c (O, T],
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k k 0 0 I'lg) 0 {X(t) =C+

= { for t (Sk, Ly s

Btex+x t+t(t-0)fdr, € u]c(0,T]
| k here Ccand Biareconstants.
(3.2) Next, substituting (i) into system (1.1), we get

X(si) + X ()€ = 81) + 15 [y (€=

(110
]

|xt

) = aul?,

T)kq— 1fdl',

fort e (s, tir1], k=0,1, ..., N,
Xt fort € (t, s, ¥ =1,2, ., | N x(0)

=x0, x(0) = x70, x0, x 0 € R.

That is,

(11 0+x0t+r(q) NG fdrforte(O ta],

| | |{ gt x(t)  fort € (te s, k=1,2, ., N,

) = gulse x(sd) + gilse x(s(t - 0
" I(q) sk
I +LJ (t_T)q—ldel for tE
(S, trerd, k=1, ..., N.
(3.3)
In fact, “x(t) satisfies conditions (1.1a)—(1.1c) in system

(1.1). But, we will show that "x(t) isn’t a solution of system
(1.1). For system (1.1), we have

gkg-1fdT

(f,X(f))=Xn+5(of+j;a S
{system(l.l)}

for all k€{1,2,...,N}
(| cDorax(t) = fit, x(2)),
| k=0,1,...,N

t € (sk, tk+1],

— ’
X(t) Xo + Xot + r( ) [0

(te s, k=1,2,..., N,

q ifdr, (3.4) t e

¢ q kx(o)
o 0+ ( ) = ’( ’ (-))! (0_1 T]: = X0, X’(O) =
o=, ©@=", ’ R X0, X0,X°0

eR.

Dxtftxttexxoxxoxoxoe.

And system (3.4) is equivalent to

t

x(t) = xo0+ x"ot + [‘(lq) I (t - 1) Yfdr for t € (O, T. (3.5)

0
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(t, x(t)) =

XQ+X0f+

Moreover,letting g« T fo "')q—1fdr

(forallke {1, 2, .., N})in (3.3), we get

- 1 rber_
[ Xo+Xot+ w [ (¢ Dossgr for te (0, 1),

qg-1
, XotXot+ F r( j fo (t-1) | fdtfort € (ty, sdl,
(0 { R |
= Sk
Xo +Xol + (q) [ ( “Xsk— T)g-1fdt

I far| .,
1
+ M_ J (Sk - T)
o -1
+ [0 (t-7)
. ks g-2fdt | | Lfor te (s, tet], k=1,2,
..., N.
(3.6
) Therefore, if “x(t) is a solution of system (1.1), then (3.6) is
equivalent to (3.5). Thus,

t
1

rig) (t - 7 ifdeo

[sk t ]

k
- I'(lq)LJ sk (s - 1) Yfdt + (t-
)+ fdr
(= 5) [(sk -1) g-2fdt
1),
0 q
fort e (s, tir1], k=1, 2, ..., N. (3.7)

Eqg. (3.7) is an unfit equation, which means that “x(t) isn’t a
solution of system (1.1). Therefore, we will regard “x(t) as
anapproximatesolutiontoseektheexactsolutionofsystem
(1.2).

Substituting (i) into system (1.1), we obtain

[ x(t)= k+Bkt+x0+th+r[q)f0(t 7)9" fa’

t € (ti, s, ke

N X = gl %O, for

1,2, .. N, | k | x(0) = xo0, X(0) =x"0, x0, X0

fort e (sy, tir1], k=0, 1, ...

eR.
(3.8)

By initial conditions x(s) =
(herek=1,2, ...,

G(Sk x(sk)) and X'(sk) = g'e(sk, x(s))
N), we obtain Bo=0, Co=0,

Sk
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Bk = g'k(sk, x(sk)) = x"o —Ftgt=1) [ (sk- T)g-2fdT,
0

k=1,2, .., N. (3.9) and

Sk

Ck =gk(sk, x(sk)) = xo - (1q) [ (sk- T)g-1fdT

0

- 8ilsis X(si))syc + % Of (s - 7)97°

fdrt,
k=1,2,.., N, (3.10) Substituting (3.9)-(3.10) into (3.8), we
get
[ Xo + Xol + g 10 (t-n)T fdrforte (0, t1],
(. (V- fdr
(t) = { 1t -1fdr
| +(t-sp) 2:(s1s Sk 7)92fdt
| gi(t, x(t
W ) forte (ty, sk, k=1,2,..., N
| gkskx sk (1) Josk(sk=T)g-1x [
| | tra off-0)
I'(g-1) 0 }
l for t € (Sk,tk ,...,N +1],k=1,
2
(3.11) In
fact, Eq. (3.11) satisfies conditions (1.1a)—(1.1c) and
gkg-1fdT
{Eq. (3-11)} (f,x([))*X0+29fﬂ§ NG
for all 2,00} ke
g © ( - 1
| for t , |xo+x ot +
0 - x0+20t+@jo(t If(t—
fort e (tx, s¢l, k=1,2
)7 fdt, € (0, t1]
| 1t -1fdrt,
- X
4 .’ NI
1 7 1 tep_
[} XotXot+ g fot=1) e

I

fort e (sk, tit1], k=1, 2, ..., N.
cDq
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& { x(0) =osx(xt) =0, xf(0) =(t, x(tx"))o,, t €x0(0, x™,0T€], | 8x(sk x(s1)) - 155 Jok (sic -
R

| +(¢ =50 [gilsn x(510) - gy Ji* (51— 1) 2 felr]

ter {system(l.l)}. 1 by ye-l
g Jo (=D oot | g Jo t-1) ft

< lim
(t, x(8)) = xo + Xot +

i forall k €{1, 2, ..., N} Therefi Eqg. (3.11) satisfi -
or t € (t, sil, forall k {1, 2, ..., N} Therefore, Eq. (3.11) satisfies x(t)=4 + (& [gk(si x(51)) ~ X0 - Xo

all conditions of system (1.1), and it is a solution of system s ( 31‘
- Sp-T
Mg Jo k=57
(1.1). I 1fdt]

Sk

¢ _ +8 Sk, X(sp)) - Xo — =25 [o¥ (sy - 1) fdT
Remark 3.1. Js, =) fdr(k = &al, 2,.., N)isa | Sk 8 Mg-1) Jo [N
ke
Y | | | |x{ ri1q) [Jose (sk = T])q-1fdT + [ste(t - T)g-1fdT }
;
partoftheapprOX|matesqut|c.)n x(t),:':\ndltlsnotlricluded in Eq. | _fr (t-1)9 ' fdr + (t-5;) fsk (s - T)q_zde
(3.11). Therefore, Eq. (3.11) is a particular solution of (1.1). Ha-1) 0 0
.
Theorem 3.1. Let & and g (here k = 1,2,..,N)be
someconstants.System(1.1)isequivalentwiththeintegral | U
equation forte (s, tir1], k=1,2,..., N
(3.12)
[ xo+Xot + 5 ) fo (t-1)7 fdr fort e (0, t1], provided that the integral in (3.12) exists.
| te(tosi k=1,2
|l 8% € (o sil, (t, x(t)) for
Lo N,
Proof. ‘Sufficiency’; the solution of (1.1) for t € (0, t1] satisfies
t
- - 1.7 1
x(t) =xo+ x7ot + f(Zg) ! (t - 1) fdr for t € (O, t1], (3.13)
0
and x(t) = ga(t, x(t)) for t € (t1, s1].
For t € (s1, t2], the approximate solution of (1.1) is given by
t
“x(t) =gi(s1, x(s1)) + (t - s1)g1 (s1, x(s1)) + r(lq) I (t - t)7Yfdt for t € (s1, t2]. (3.14)
S1
Let ey(t) = x(t) - “x(t) for t € (s1, t2]. Moreover, by the particular solution (3.11), the exact solution x(t) of system (1.1)
satisfies
t
lim x(t) = xo+ x ot * r1q) I (t - 1) fdt for t € (s1, t2].
g1(s1, x(s1)) = X0 ~ %051 = 5 Jo" (51 - 1) lfdr] —0
8451, x(s1)) = Xo - gy J3! (51 - D) 2fdr| 0 .
Thus,
lim e(t) = lim { )
g1(51,x(51)) ~ X0 — 051 - 7 Jo" (51 - )7 fdr| =0, g1(51, X(51)) - Xo ~ Xos1 — iy [ (51 - )¢ fdr| -0 X ="X(0)
g, (s1,x(s1)) - %o - ﬁ ot (s1 - T)qude] —0 gy (s1,x(s1)) - Xg - ﬁ Jot(sy - T)q’zfdf} =0

= 03 [f(; (t-7)9 fdr - [ (51 - 1) fdt - fstl (t- T)q'lfdr] - FE;S‘I '(sy - 7)9*fdr.
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(3.15)

lim 3 s . . _ " §
This means ey(t) is connected with [g‘(s""(sl))’x””‘““’ﬂlﬁ101 (s1-7)7 1”’]%0‘[gl(s“ﬂs'))’x“’ﬁ101 (s1-1)7 Zfdr] 0 elt), g

X — X __1 s _ 7)1 : — ¥ — 1 S1 _
181, x(s1)) = X0 = X081 - 15 Jo' (51~ 7) fdrandgl(sl’x(sl)) %o~ g Jo (51 T)q’zfdr.Therefore,suppose

1(t)= ,Xf gl(slr X(Sl_)) ~ x0 1_ )-(051 - F(];y rdsl (251 - r)q_l ) e de,
1(511X(51))_X0_mf051 (51_1-)‘7 W F(;jrrot(t_r)q de g
— (5 (s - r)q_lfdr - fstl (¢= ¢l == ;-11 (6" (s1- 1')"_2fd1'1 fdt
(3.16)
fdr] fort e (s1, t2].
where x(-, ) is an undetermined function with x(0, 0) = 1. Thus,
() = X(6) + e1(t) = g1(s51, X(s1) = gy Jo ' (51 - D)7 fdT + (£~ 51) [gl(sl, x(s1)) = 2 Jo (€ - r)q'zfd'r]
.
1(511 X(sl)) ~x0 7~ )_(051 - F(l;y |'0$1 (51 - T)q_lfdr
;.(51' X($1))1_ )_(O_F(%y fosl (fl_r) AL ﬂj';yrrosl (251_1_)
- - - 1 -
=)0 far = T (= ) A== q_11 (" (1= 0)0 % fge
1 rtep_ g-1 _
+ @) Jo t=1)" fdT + [1 X (g ’
g-2fdt g-1fdt (3.17)
g
fdr] for t € (s1, t2].
On the other hand, letting t; — s1, we get
| ({ CD0+qX(t) =f(tl X(t))l qe (11 2)! te (skl tk"‘l]l k= 0,1, lim X(t)
=gi(t, x(t)), t € (t1, s1], 1os1 | x(0) =0x(0) =x70, x0, X 0ER. x,
| (1| coosax(t) = fit, x(8), g e(L,2),te (sk thra], k=0, 1,
= { X(t2) = (s1) = ga(s1, *(51),
| X (t1) = x'(s1) = g (s1, x(s1)), (3.18)
o=, 0=", ,” R .
kx X0X X0 X0 X0

{ | Do.9 x(t) = fit, x(t)), G€e(1,2), t € (s, tina], k=0, 1,

{ X (s7) = x'(s7) = g1 (51, x(51)) = %o = g5 Jo ' (51~ )P *f(x, (x(1))
b x(s7) - x(s7) = g1(s1, x(51)) = x0 ~ %os1 = 75 Jo' (51 - D, (@)

dr, | | kX(O) =x0, X(0) = x7o, X0, X g€ R.

Using Lemma 2.4 for system (3.18), we get 1 — x(y, z) = é&1y + {1z for Yy, z € R, here é1and {1 are two constants. Thus,
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() = g1(s1, x(s1)) = {5 Jo ' (51 - DT dT +(t - 51) [g1(81, X(s1) - 7y Jo ' (51 -0 2falf}
ta Jo =0 T+ & g1(s1,X(51) = Xo ~ %01~ {5 [o" (51 - D) fdt

[ (s1, x(s1)) =x70— I'(-ql—-l-)—J.051 (51 - 1)g-2fdt]}{ r19) [I051 (s1-1t)g-1fdt (3.19) +{1 g1

t 51 -
#JL (E=m) T dr - [ (=D gt () o (1= *fr | for t (s, t2]

and x(t) = ga(t, x(t)) for t € (t2, s2].

Next, for t € (s, twe1] (here k € {1, 2, ..., N}), the approximate solution of (1.1) is provided by
t

“x(t) = gilsk x(sk)) + (t = sk)g'k(sk, x(sk)) * (lq) [ (t - )9 Yfdt for t € (sk, tiea]. (3.20)

Sk

Let ex(t) = x(t) — “x(t) for t € (s, twe1]. Moreover, by the particular solution (3.11), the exact solution x(t) of system (1.1) satisfies

t

lim x(t) = xo+ x"ot * rilg) ) (t - 7)Y fdt for t € (si, teeal.

[gk(sk, x(s))) - Xo - Xo5) — %q) Jok sy - r)q‘lfdr] =0 .

’

[g;(sk,x(skn - %o~ gy Jot (s - r)Hfdr} 0

’

Thus,

lim ex(t)
[gk(sk, x(s¢)) - X0 — XoSi — %ql Jok sk - r)q“fdr] -0

[g;((sknx(sk}) - Xo - ﬁ Tk (s - T)‘T‘Qfdr] —0

’

’

lim ( )
[ (5, x - X0Sk — r(q) Jok (s - 1)7 ‘fdr} -0 x(t) - x7(t)
|4k X(s6D) ~ %o — gy fo* (s - D)9 2dt| —+ 0

- -1 Sk _ g-1 't _ q-1 _ b g1 t-s _ \q-2
I(q) [10 (51 -7) fd”jf*k(t O fdr - [y (t-1) de] (g~ kl) ) (sk-1) fdr, (3.21) Similarly to

(3.16), suppose

1

fdrt,
510 X058 = %o = gy [3* (s = 0% 2fdr ) { 5 [fo (€= 1), -

0= K(gk(sk,X(sk)) Xo = XoSk = 7z Jo! (S =TT

(3.21)
_ Osk (sx - T)9 fdT - fsk (t- 'r)q'lfdr] - F{;ikl) Ok (sk - T)q_zfdf}for t € (si, tieal.
where (-, -) is an undetermined function with (0, 0) = 1. Thus,
(0= X0+ e0) = gl x(50) - oy [ (s =17
+(t - 53) [g}((sk»x(sk)) e Jo' k=1 Zfdr] ”‘U o 1de
NI (gk(Sk- x(sk)) = xo = XoSg - Tq] Jok (s =17 fdr, (3.22)

© 2025 Computer Engineering. All Rights Reserved. Page 6
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8i(sk, X(31)) = Xo = rgy Jo* sk—r)q'zfdr)] {ﬁq) (5" (s —r)q_lfd

L =T e [ - o g % J6 (e

T

for t € (sk, tre).

(t, x(t)) = xg + Xot + (t-1)

Moreover, considering a special case g;* "’ F(q) fO

“fdrforallie(l, 2, .., k-1}and ty— s

in system (1.1), we have

x(t) = xo + Xot + ﬁ _[(; (t-1) lim ” | Do, x(t) = fit, x(t)), q €
x() = gi(ts x(6)s ¢ € (tie» sic)s
x(0) = x0, x'(0) = X0, X0, 0 €R

(1,92)7% ft(te, (xs(T,))tidT+1],, it= O€ (,td,, ...,s]], ik=1, , 2, e, k=1, tiosk

X

(|CD0+‘7x(t)=f(t,x(t)), g € (1, 2), t € (s, t#a), i = 0, 1, .. Kk
l{ X(0) = X0 + Kot + rig) fo (=D @OXO) v 1 o120 k-1

| = X(’(SSkk) =) =XX('t(kt) =) =ggk('ks(ks,k,xx(s(ks))k)),, (3.23) x

\

{CDoﬂX(t) =fit,x(t), qeE(1,2),te(s tuli=0,1, ...k | I

x(0) = xo0, x(0) = xo, X0, x 0 R.

(s3) = x(53) = gk(sk» x(sk)) = X0 — XSk — %q) Jo¥ (s - 7)97!

'{ X(O) = xo + Xot + gy Jo (=D F@ Xy 0617212 k-1

e xfit, x(t))dt,
| x(s3) X (55) = 8ielsies x(s)) — %o — gy Jo* (50—~ TP f(x, x(1))

| X0 =x0,x(©) =%, 0,70 €R,

Using Lemma 2.4 and Eq. (3.23) for (3.24), we have 1- «(y, z) = &y + {z for Vy, z € R, here &and iy are two constants. Thus,
(6= 8ilsio x(s1)) - %q] fgk (s =T dT + (¢ - 51 [g;(sk, x(sx)) - r(qlfl) ﬁ)Sk (sx - T)q_zfd‘r]
+ 1 Jo (€= T + { & [gilsk X(51)) - X0 = Xosi = iy Jo (51— 1) fale|
' - "5 ) 'S
g 81550 X(510) = %o = gy [ sic= 2 fde| | { s [ 5= )

=0 e =] s

q—lfd'[
}, for t € (Sk, tws1]. ‘Necessity’;

taking the fractional derivative to Eq. (3.12) fort € (s, tv«1] (here k=1, 2, ..., N), we get

cDo+q Xg-1fdt (t)‘ ‘:Dg+ {gk(sk, x(sy)) - %q) JoaF(sg - )3 fdT + %q) [t-1)

te(s Lt k k+1

© 2025 Computer Engineering. All Rights Reserved. Page 7
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t Sk 8k Sk XSk Fp o Sk T fdr +( - )
{‘fk {gk(sks x(sg)) = xo = XoS) = ﬁq) JoE (s - 1) lfdf} 3 -
- 1 Sk gq-2 [fsk _ ) 1 .].5(
k -)2 ]
+ [gk(sk, x(sk)) = x0 - rig-zy-Jo (sk - T) fdtil{ n——0 sk Tq-ifdr

# [y (=DM dT = 1= ]+ (08 [ (s - DT )
= X Oy 0 * i {fk [gktsk, ) = x0 - Sosi i [y (s = 0|

x[cDgsk+ [Isrk(t - T)g-1f(, x(7))dT) - cDo+q ( f ot (t - T)g-1f(t, x(7))dT)]te(sk, tir]

= flt.XO) o500+ Sk 8k(Sko X(51)) = X0 = XoSk = 7y Jo* (Sk = 7)7 fdry - ) .
]

+2k [g'k(sk, X(sk)) = X0 = rigi-n-Jos« (sk — T)g-2fdT]}[f(t, X(t)) | |t>5k - f(t, x(t)) | |t>0]t€(sk,tk+1] = f(t,
x(t)) | |i’E(sk,tk+1].

Therefore, Eq. (3.12) satisfies the condition (1.1a). Next, Eq. (3.12) also satisfies the conditions (1.1b) and (1.1c). Furthermore,
by Eqg. (3.12), we obtain

lim t
t+ 1 [ x(t)

gi(t, x(t)) =xo+x70 MG—o0 9-1dt

Yot + L [1(
for t € (t, s, forall k €{1, 2, ..., N}[ Xo + Xot + g fo (€= T) fdrforte (0, ta],

| s, X)) for t e (t, sid, k=1, 2, ..., N,

| +(t-s0) gilsi, x(51) — =y fo” (s~ D72 fde

| s - t
: gk k k r(lq) ok k - I‘(lq) 0
[ ] (s,xs) - _d (s-1) fde+ (@t
- 1) Yfdt
- 1t g-1 4 + {Ek [ lim | _
=g(t, x(t)) = x0 + x q o t+mfolt-1) dr | gi(Sk, x(sk)) — x0— x 0k
_1 Sk _ g1 d 1
rlp Jo* (=0 f {55 (s - D fdr + [ (6 - D) fdr - [ (¢ - 1) fde
for t € (t, si], forall k €{ | {Fﬁ#[ SR J o }
L2N | s X <Ko - Ly o (s r)‘f’zfdr] }
(r Sk) _
|l tr r(g kl) (Sk 0" fdr} forte (s, ti+1], k=1,2, ..., N.

( Xo+Xot+ [‘(q) Jot- T)q Yfdr, for t € (0, t1],
={ Xg+Xot+

{ 0+ Xot + g5 Jott - ‘fdr, fort e (te, sl k=1,2, ..., N, | kXOJ'
X0t + rdg) Iot(t - 1)7ifdr, for t € (si teal, k=1,2, ., N. © {system(3.4)

© 2025 Computer Engineering. All Rights Reserved. Page 8
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lim {Eq.(3.12)} @{system(l.l)}
1t _ yg-1
* 1@ Jo -1 drgk

lim
si], forall k €{1, 2, ..., N}

= ¥ 1 t t, x(t)) = xo+ x ot
(I, X(f)) Xo + Xot + ol J (t 1—) gk(t, x(t)) =xo+x70
9-1dt for t € (t, si], forall k E{l, 2,

o N}
So, Eq. (3.12) satisfies all conditions of system (1.1).

for t € (tx,

By “Sufficiency” and “Necessity”, system (1.1) is equivalent to Eq. (3.12). The proof is completed.

4 Example

Example 1. Let us consider the general solution of the impulsive fractional system

i
[ Dix0=t teoauinn,
{ x()=sint, te(],] ¢
0)=1, (0)=1.
(4.1)
kx X
By Theorem 3.1, system (4.1) has a general solution

2
t
[ T+t (o for te (0, 41,
4
i sint forte (f,%
| 9 9

’

th| ()7 5
©={ 1, TP @i
() F_(%_)

X

2 5
(D) (i
(=g - {‘5 [g * _”_FET)} ¢ [1 * —rr?->] }
l X {‘r(l%‘) {(g)ﬁ +(E- i+ 3P

(4.2)
(5)a (=5 .
- ti P r(;) I“i }
&3 0] ! for t € (5, ).
where £ and { are two constants.
Eq. (4.2) for t € (0, &) satisfies fractional derivative { 1 (E)z +(t- E)z(“. 5j) _th
r() [°2 2 8 P t>0
conditioninsystem(4.1)byLemma2.3,andfor t € ( )&, 1], we have % 4 3
5 (B (t- 1)
5.x(0) 2" 1" Dleg
tE(j,nyl 9 F(%) (2n,m]
R ts Y% 5 te( 2n, 0T
CDS, 1+ t>0 (2) _(%)ﬂ (t_z)
* r¢) r(3) 2711
9 5
n (D) (5)}
- =+ +¢ |1+
{5 [z |
c
D

© 2025 Computer Engineering. All Rights Reserved.
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9
_cpi th o 1 £ E+ (%)%
) r2) ré) 2 1(3%)
()i M5, 57 9
+{ 1+ 2 t- )i (t+ — -t
Clie g | | D) -l
te(3,m
1 7 (3 (3)
| s+ +¢ |1+
L) 0|2 3
pi (-Die+ 2| ) -cpi, (¢
Dy, [ (t-3)%(e+ S)M) oG, (¢ )
7 te(,n]
n . (B (B
= tlo - D 1+ 2

X [t|t> 2n— t|t>0] }t€( 2n,m] = t|t€( 2m,m1] .

Therefore, Eq. (4.2) (for t € (0, 4&] U ( 2%, rt]) satisfies fractional

derivative condition in

system (4.1). Meanwhile, Eq.

(4.2)satisfiesthenon-instantaneousimpulsesconditionin system
(4.1). Thus, Eq. (4.2) is the general solution of (4.1).
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